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PREFACE TO THE FIRST EDITION 


*J^HIS book is prepared with a view to be used as a 
text-book for the B. A. and B. Sc. students (Pass and 
Honours) of the Indian Universities. We have tried to 
make the exposition clear and concise without going into 
unnecessary details. At the same time an attempt has been 
made to make the treatment rigorous and. up- to-date. 

The recent changes in the Trigonometry syllabus of the 
Calcutta University ^require an elementary notion of the 
convergence of the series used V ' so a chapter on the 
convergence of the series, particularly with reference to 
its application to Trigonometrical series, has been added as 
an Appendix. 

Important formulae and results of elementary Trigono- 
metry, as also of this book, are given in the beginning for 
ready reference. A good number of typical examples have 
been worked out by way of illustrations. 

Examples for exercise have been selected very carefully 
and include many, which have been set in the Pass and 
Honours examinations of different Universities. University 
questions of recent years have been added at the end to give 
the students an idea of the standard of the examinations. 

Corrections and suggestions will be thankfully received. 

"B. C. D. 

B. N. M. 



PBEFACE TO THE NINETEENTH EDITION 


In this edition we have thoroughly revised the Chapter 
on Complez Quantities and two sets of examples have been 
added in it. A few examples have been added here and 
there. 

Our best thanks are due to Sri Balen Mukherjee B. A. 
for his considerable help in the revision of the text and in 
bringing out the book speedily. 

Our best thanks are also due to the authorities and 
ofdoers of the K. P. Basu Printing Works for printing the 
book in such a short period of time in spite of their various 
preoccupations. 


B. C. D. 
B. N. M. 
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Abbreviations used in this book 

1. 0. P. rneauB questions set in the B. A. and B. 8c. Pass 

Examinations of the Calcutta University. 

2. 0. H. means questions set in the B. A. and B. Sc. Honours 

Examnations of the Calcutta University. 

3. P. P. means questions set in the B. A. and B. Sc. Pass 

Examinations of the Patna University. 

4. P. H. means questions set in the B. A. and B. Sc. Honours 

Examinations of the Patna University. 

5. 0. M. means questions sot in the M. A. and M. Sc. Exami- 

nations of the Calcutta University. 



IMPORTANT FORMULif: AND RESULTS 
FORMULi£ OP ELEMENTARY TRIGONOMETRY 


L A radian “67** 17' 44*8" nearly. 

2 right angles * 180* = n radians. 
n »= V' “■ 3*1416 approximately. 

Badian measure of an angle at the centre of a circle 

^ su btendin g arc ^ 
radius 

11. sin®d + cos^d = l ; 
sec®d«=l + tan®0 ; 
cosec®0 = l + cot*0. 


III. 9in0‘’ = 0; 

cos 0* = 1 ; 

tan 0* — 0. 

sin 30®= 1 ; 

cos 30* = -'^^; 

tan 30* — 

sin 46“ - : 

.0.45--32; 

tan 45* — 1. 

sin 60“ = ^-: 

COS 60“ = 1 : 

tan 60*— ^/ 

sin 90* ~ 1 ; 

cos 90* = 0 ; 

tan 90* — 00 . 

sin 180* = 0 ; 

cos 180*- -1 ; 

tan 180* — 0. 

1 tfO ^3 *“ 1 

"'2^2 

• 1 \/3 1 

’ = 2 V 2 

J tan 15* — 2- ^/3. 

sin 18* “ J( "■ 

1). 


IV. sin ( - d) — - sin d ; cos ( - d) ** cos d, 

tan ( - d) - - tan d. 


sin (90* — d) •" cos B ; sin (90* + ^) *= cos d. 
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V. 


cos (90* - 0 ) « sin 0 ; 
tan (90* — 0 ) ■= cot 0 ; 
sin (180* - 0 ) = sin 0 5 
cos (180* — 0 ) *= — cos 0 ; 
tan (180* — 0 ) = — tan 0 ; 

sin 

(positwe^ 

tan 

(posiUv^ 


COS (90* + 0 ) — sin 0. 

tan (90* + 0 )= - cot 0. 
sin (180* + 0 ) = — sin 0. 
cos (180* + 0 ) — — COS 0. 
tan (180* + 0 ) = tan 0. 
all 

(poaiiive) 

eoB 

(positive) 


sin (A + B)’= sin A cos B + cos A sin B 
sin (A-B)"“ sin A cos B — cos A sin B 
cos (A'i- B) = cos A cos B — sin A sin B 
cos (-4 — 5 ) = cos A cos B + sin A sin B. 


tan {A + B) 
tan (A - B) 


tan A + tan B 
1 — tan A tan B 
tM . 

1 + tan A tan B 


tan {A + B + G) 

tan A_+ ^n JB H-t an C — t an A t an B tan C 
1 — tan B tan C — tan C tan A - tan A tan B 
VI. 2 sin A cos B ■= sin (4. + B) + sin (A — B) 

2 cos A sin B *= sin (4 + B) — sin (4 - B) 

2 cos 4 cos B = cos (4 + B) + cos (4 — B) 

2 sin 4 sin B = cos (4 — B) - cos (4 + B). 

VII . ' sin C + sin Z) "= 2 sin 
sin 0 - sin B = 2 sin 
cos 0 + cos B •= 2 cos 
cos G - cos, B “ 2 sin ~ sin 


C+D 

0-D 

2 ‘ 

00 s - 2 

C-D 

C + D 

"2 

COB 2 - 

C + D 

C-D 

2 

cos 2 

C+D 

. D-C 



IMPORTANT FORMULA AND RESULTS 

VIII. sin 24 •“ 2 sin A cos A 

cos 24 = cob® 4 “ sin®4 * 1 — 2 sin®4 «= 2 cos®4 - 1 

. nji 2 tan 4 
tan 24 — - — g ■ 
l“tan*4 

. A 2 tan 4 a ^ tan*4 

sm 24 ■■ -3 4 * cos 2A = " a a’ 

1 + tan 4 l + tan 4 

1 — cos 24*2 sin®4 1 

1 + cos 24*2cos®4 / 

. 2 ^ 1 cos 24 

tan 4= :r-r 

1 + cos 24 

IX. sin 34 * 3 sin 4-4 sin‘^4 ; 
cos 34 *= 4 cob® 4 - 3 cos 4 ; 

, r» A _ 3 isbD A — tan®4 
tan3J= i_3tan«.4 ' 


tan 34 ’ 


X. Bin 6 = 2 Bin o cos » 

A A 

« 2 .26 

cos 6 = cos 2 - sin ^ 

= 1-2 sin® 2 * 


= 2 cos® 2 ~ ^ 


1 — tan* 2 

6 6 
1 - cos 6 = 2 sin* 2 ^ ^ ® ^ 2 

XL If sin 6 = sin a, then 6 = wti + ( - 1)”^ a. 
If cos 6 = cos a, then 6 = 2n;i ± a. 

If tan 6 = tan a, then 6 = + a. 


XII. sin ^aj+cos ^a?— 


tan ^a + cot~^» 
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sec + cosec ^ 


tan ^a? + fcan ^y^t&n 


-X ® + V 

1 — xy 


tan'^'fl? — tan ** tan ^ 

1 +xy 

j. -1 . X -1 . i. -1 X -1 x + y + z — xyz 

tan a: + tan !/ + tan 2 ?=* tan - 

l~-yz — zx — xy 

XIII. loga loga m + loga n 

= loga m - loga ^ 

71 

loga *= W loga m 

loga m *= log?, m X loga b 
log 1 -= 0, loga a^l. 

XIV. .%=2J? 

Bin sin B sin G 


cos A 


cos B 


cos C 


+c»-a' 


2 ca 


2ab 

a^b cos 0+6 cos B» 
h^c cos A -ha cos O. 
c *= a cos B-h b cos A, 

. ^(s-bX s-c) 


s{s — g ) 
be 


x„^ - / is-bXs-c) 



IMPOBTANT FOBMUL^ AND BESULTS 


sin \/s(s-«)(s-<>Xs-c)“^ 

sin JB- V«(^Xs^Xi- c) - 

CCb Cvb 

sin G - v/5(s - a){s - /7Xs - c) - * 

FORIifULiE OF HIGHER TRIGONOMETRY 


XV. A *= ibc sin A *= ica sin B - iab sin 0 

= Jsis-aXs-bXs-c), 2s = a + ft + c, 
p « ^ ^ ^ a 6 c 

2 sin 2 sin 2 sin 0 4A 

r “ — = 422 sin 4-4 sin 4^ sin 40 
$ 

“ (s — a) tan iA = etc. 
ri “ “ * 422 sin 4-4 cos 422 cos 40 
**s tan iA. 

ra “ ~ , *■ 4B cos 4-4 sin iB cos 40 

5—0 

= 5 tan iB. 

rs " “ 422 cos 4-4 cos iB sin 40 

s “ c 

= s tan 40. 

XVI. Area of a cyclic quadrilateral 

=* J{s-a){s-b)(s-c){s-d), 2s = a + 6 + c + d, 
Area of any quadrilateral 

“ [(s - a)(5 - bXs - c)(s - d) - abed cos®a]^ 
where a ■■ 4(-4 + 0). 

XVII. (cos d±z sin d)^ * cos nO ± i sin nB. 

XVIII. sin nB « cos ^'^B sin 6 - ”cs cos sm®0 * 
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COS w0 = cos” 0 “”c 2 COS “"^6 sin®0+ ••• 

t a w tan O-'^Cs ian^6+ ** ■ 

tan w 0 « ^ _ «C2“fcan**e +'^^C4 tan^O - - 

tan (a^ + a* + - + «») — 

where Sr denotes the sum of the products of tan ai, tan a 2 ,**" 
tan an, taken r at a time. 

XIX. sin a = a- 

- a® .o'* 

cosa'l-g-j + ^j- 

tan 0 = 0 + ia^ + x^sa® + 

e<* + e-** 

XX. smfl;= 2 jj‘— ~2 — 

6’® = cos rc + i sin iv ; e'^^^cos a;-^ sin a?. 

XXL Log (o + */5) = log„ v/«® + is® + * (2n™ + fl), 

where cos 0 = + sin 0= 

XXII. tan'^a:-®- Jir’+i®'’ to", -!<»<+ 1. 

0»*tan 0 — itan®0 + i tan®0— •••", - Jn < 0 < 

XXIII. sin a + sin (a + 0) +■ sin (a + 20) + ••• to w terms 


n0 


■— •sm|«+-2-0| 


sm- 


. n diff. 


sm 


2 , hrst angle + last angle 

Bin 


. diff. 
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XV 


cos a + cos (a + /?) + cos (a + 2p) + ••• to n terms 


sin 




cos 


sm 


n diff . 


sm 


. diff. 
sin 


first angle 
•cos 


+ last angle 

2 


XXIV. sinh aj = Ue^ - e“"‘) ; cosh ® - Ue^' + 

= cosh X + sinh x ; “ cosh x - sinh x 

sin ix ~ i sinh x 
cos ix ~ cosh X 
tan ix = i tanh x 
cosh^aj - sinh^a? = 1 
sech^a? + tanh®® = 1 
coth®a; - cosech®® ~ 1. 

XXV. ®® - 2a V cos nO + a®" 

■■ 7/^ I®® - 2a® cos + a®| 

®®”-2®^* cos »0 + l 

» Vi {*• - 2* cos ( 0 + —*) + 1} 

®" - 1 = (a:® - 1) IT (»* - 2® cos — + l) ( n even ) 
r«l \ n I 

n^l 

®’* - 1 •* (® - 1) II (®® - 2® cos — + l) ( n odd ) 

T— 1 ' W / 

n_i 

®’‘ + 1 " II (®® - 2® COB + {n even ) 

r»o \ n / ' 

®”+ 1 •■{® + 1) II (®* - 2® cos — ^ - 78 + 1) ( 71 odd ) 
r«o \ n f ^ 



xvi 


HIGHEB TBIGONOMBTRT 


XXVI. 

sin 0 “ ( 


^“2^1 

1 - Jl-V 

3V/ 



1, 4»’\/ 


fi 40® \ 


cos “ 1 




XXVII. 

sinh 0 “ 


(l+ 

r^2Vj 



cosh 0 = 






\ 71 / 

\ 3 7t I 

\ 0 71 1 


•• to w 
to 

.... to oo 
to o® 


IMPORTANT RESULTS 


1. (i) Lt (l + i )“-« = 271828.... 
n-wo \ n f 

2 3 

(ii) fl*“l+a! + |-, + |-, + to » 


(iii) a“ -«***’«•“ = 1 + ® log. « + 1- j (log. a)* + to « 

(iv) log(l + x)^x-ix^ +ix^ -ix* + 

(v) log (l - a:) = - * - i®* - J®® - i®* - 


I 0 ! 


2. If A + B + C*®7 i, then 

(i) sin ii + sin i^ + sin 0~4 cos iA cus \B cos \0 

(ii) cos A + cos JB + cos C « 1 + 4 sin sin \B sin iC 

(iii) tan A + tan B + tan 0 » tan A tan B tan C 

(iv) sin 2 A + sin 25 + sin 2C**4 sin A sin B sin 0 

(v) cos 24 + cos 2B + cob 20»= -4ooSilcos5cosC-l 

(vi) cos®il + cos®B+ cos^C + 2 cos A cos 5 cos 0 * 1 

(vii) cot B cot C + cot C cot A + cot A cot 5 = 1. 


S. 

4 . 


'1 ; Li cos e = l ; Lt ' 


Area of a circle = jir* 


Perimeter of a circle •*‘27ir. 


1 . 
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CHAPTER I 

TRIGONOMETRICAL EQUATIONS AND 
GENERAL VALUES 

1. 11; is known from elementary trigonometry that 
there are infinitely many angles, the trigonometrical ratios 
of which have a given value. Thus, the sine of each of the 
angles 30®, 160®, 390**, 510® etc. is equal to i. It is very 
convenient for the solution of trigonometrical equations as 
also for other purposes to obtain a general expression in 
a compact form embracing all angles the trigonometrical 
ratios of which have a given value. 

2. General expression of all angles, one of whose 
trigonometrical ratios is zero. 

If the sine of an angle be zero, from definition, the 
length of the perpendicular from any point on one of the 
arms upon the other is zero, so that the two arms must 
be in the same straight line. Evidently, therefore, such 
angles must be some multiple of n, odd or even. 

Thus, if sin ©-O, then ^—nx, 

n being zero, or any integer, odd or even, positive or 
negative. 

When the cosine of an angle is zero, the projection of 
any length along one arm upon the other is zero, and so 
the two arms must be at right angles to one another. The 

angle must therefore be evidently either ~ or ^ or differ 
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from these by complete revolutions ; in other words, the 
angle may be any odd multiple of | • 

Thus, if cos ©•"0, then ©■•(2n+l) | » 

n being zero, or any integer, odd or even, positive or 
n^ative. 

Again, if tan 6 " 0, then its numerator sin B is also zero, 

and so 6 >■ njv. 

Similarly, if cot ©“O, then cos 0 = 0, 
and so 6 = (2n+l)^* 

Note. Cosec 0 or sec 6 can no‘/er bo zero, for they can never bo 
numerically less than unity. 

8. General expression of angles having the same 
•sine ( or cosecant). 

Let a be any angle such that its sine is equal to a given 
quantity k numerically > 1 ; for fixing up the idea, and for 
the sake of convenience, in practice the smallest positive 
angle having for its sine the given quantity k is generally 
taken as a. Let 6 be any other angle whose sine is equal 
to k. 

Then, sin B = sin a, or, sin 0 - sin a = 0, 
or, 2 sin ~ a) cos J(0 + a) = 0. 

. * . either sin i(0 - a) = 0, 

i^e., i(0“ a) = any multiple of in- myt ••• (l) 

or, else, cos \{B + a) = 0, 

i.e., + a) = any odd multiple of = (2w + 1) | • (2) 

Prom (l), 0 - a = t .6., 0 = a + 2w3i. • • • (3) 

Prom (2), 0^+ a *= {2w + 1)«, 0 = - a + (2w + l)7r • • • (4) 
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Combining (3) and (4), 6 = ( - l)^a + wjj , • • • (5) 

where n is zero, or any integer, positive or negative, odd 
or even. 

If cosec d ~ cosec a, then sin 6 * sin a ; hence, all angles 
having the same cosecant as that of a are also given by 
the expression (5). 

Thus, all angles having the same sine or cosecant as that 
of a are given by 

n»-H( - l)*a, 

n being zero, or any integer, positive or negative, odd or even, 

4. General expression of angles having the same 
cosine (or secant). • 

Let a be the smallest positive angle such that its cosine 
is equal to a given quantity k numerically > 1 ; and let d 
be any other angle whose cosine is equal to h 

Then, cos 0 — cos a, or, cos a “ cos 0 *= 0. 

. 2 sin KO + a) sin 4(0 - a) = 0. 

. * . either sin 4(0 + a) = 0, 


i.e., 4(0 + a) = any multiple of tt = nn, 

- (1) 

or, else, sin 4(0 ~ a) == 0, 



i.Co 4(0 “ a) = any multiple oin-nn 

... (S5) 

Prom (1), 0 + a “ 2nn, or, 

0 =* 2nn — a. 

- (3) 

Prom (2), 0 - a = 2nn, or, 

0 = 2nn + a. 

... (4) 

Prom (3) and (4), we have 

0 = 2nn ± a, 

... (6) 


where n is zero, or any integer, positive or negative. 

It is also evident as in the previous case that all angles 
having the same secant as that of a are also included in 
the expression (6), • 
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Hence, all angles having the same cosine or secant as 
that of a a/re ginen hy 

2n^ ± a, 

n being zero^ or any integer, positive or negative, odd or even. 

Note. As in Art. 3, instead of taking the smallest positive angle, 
wo might take a to bo any one angle having for its cosine the given 
quantity h. The general value of 0 satisfying cos 0 = cos a as obtained 
above would not be affected at all. 


5. General expression of all angles having the same 
tangent ( or cotangent). 


Let a be the smallest positive angle such that its tangent 
is equal to a given quantity 1c ; and let & be any other angle 
whose tangent is equal to k. 


Then, tan 0 •= tan a, 


sin 0 sin a ^ 

or, 7 - = 0, 

cos B cos a 


sin 0 cos a ~ cos 0 sin a ^ 

= 0 ^ 

cos 6 cos a 

or, =0. 

COS Q cos a 


sin (0 - a) = 0, 


i.e., 0 - a “• any multiple of = nn, 

B-a + nn. **• (l) 


The factor } — cannot be zero, for cosine of an 

cos 0 COS a 

angle cannot liave an infinitely large value. 

It is also evident as in the previous cases that all angles 
having the same cotangent as that of a are given by the 
expression (l). 


Hence, all angles having the same tangent or cotangent 
as that of a are given hy 

lur+a, 

n being zero, or any integer', positive or negative, odd or even. 

c 

Note. The remark below Art. 4 is applicable here also. 
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6. Special Case's. 

From Art. 3, considering both the cases when n is odd 
or even, it may be easily seen that, 


and 


if 8ln©“l = sin -” >e“2iii»+ 

if sin e- - l = sin| - ^ j' e-2m3r- | 


• or, -(4k+3)-|. 


where m, or hi = w - 1) is zero, or any integer, poaitfive or 
negative. 

Similarly, from Art. 4, it maj’- be seen that 

if COS 6-1, 6-2in3r, 

and if cos6--l, 6 — (2in + l)^, 

m being zero, or any integer, odd or even. 

These are tlie usual forms in which the above special 
cases are used in practice. 


7. Ex. 1. Bnh^e cos 0 — sin d== 

Multiplyirg botli sides of tlic equation by wo have 

1 . 1 . //» . ’tX it 

, cos sm ^ = 2 • ‘ ' cos I 0 ^ j = cos T j 

or, 2nir-" 


Note. Extraneous solutions. 


In general, the same trigonometrical equation may be solved 
by different methods, and the forms of result we arrive at, though 
apparently different in some cases, are ultimately equivalent. In 
some cases, however, we may solve a trigonometrioal equation by 
methods leading to solutions which include in addition to the (^rrect 
solutions,* some extraneous solutions which do not satisfy the given 
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oquation. Tho given equation which is of theVpo a cos d + 6 sin 
is an example. We proceed to demonstrate it as follows : 


lloro cos 9 — -^2 “ 

oos*0— iis/2 cos d + J = sLn‘^0=»l — 008 ®^, 
whence 2oos*d— (s/2 cos 0— i*0. 


rmn ft m ^ ^ 1 ± n/^ ^ 

oosfl ^ ^ = 

d = 2wr±T^ir, or, 2nir±TT*’. 


ir Vtt 

cos 12' 12' 


But it can be easily seen on substitution that 


2wr — T^ir and 2mr+^^v do not satisfy tho given equation. The 
error in the method lies in equaling the equation o>s wo have done, 

for the squared equation includes tho equation cos — sin 0 


i.e., cosC + sind**^ of which tho solutions are 2?Mr— 

2wT+r\7r. 

Equations of this typo are therefore best solved as in Ex. 3 below, 
and not by squaring. 


Thus, while solving any trigonometrical equationt it is always 
advisable to verify the roots obtained, for thereby extraneous roots, if 
any, can bo easily detected. 

Ex, 2. Solve 2 sin^x+sin^ 2aj = 2. L C. P. 1931, *37- T 

The given equation can be written as 

2(1— sin’aj) — sin*2x=0, or, 2 oos^® — 4 sin*® ooa*aj»0, 
or, 2 cos^® (1—2 sin®®)=*0, or, cos’® cos 2®=0. 


. • . either, cos ® =0, i,e., x — (2n + 1) 



or, 006 2®— 0, i.e., 2®«=(2«r+l)^ • 
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Ex. 8, Solve a cos 0-\-h sin fl + c=0, (c 

Put n = r 008 a, 6 = r sin a, ohtwsing the Braallest positive viiluo of a 
and keeping r positive. 

Then, + and sin a= 

The signs of a and b will determine the quadrant in which a lies, 
and a and b being given, r and a are definitely known. 

The equation now becomes, r cos (0 — a)« — c, 
or, cos (0 - o) = * — T=rzn ® ^ “‘y ’ 


where /3 is the smallest angle whoso cosine is - 




r» and a, h, c 


being known, p is also known. , 

Then, 0-a = 2nT±j3, or. 0 = 2nir+a±j8. 

Note. Ex. 1 above is a particular case of this equation which is 
of a more general form. 


Ex. 4. If 0 and <t* satirfy i)ie equation 

sin 0 + siw 0= <s/3 (cos tf>~-cos 0), 

then mil sin 30 + sm 30=0, [ C. P, 1925 ; C. JET. 1924, '31. ] 


Dividing both sides by 2 and transposing, we got 
I sin 0+ cos 0= cos 0- | sin 0. 

, * , cos (0 — Jir) = cos (0+ Jw). 

0-Jk*='2nT±{0+ Jir)* 

/. 30-Jir=6nir±3(0+4ir). 

. * . cos (30 — Jir) = cos (30+ Jir). 

.*. sin 30+ sin 30=0. 

Ex. 5. If sin (ir cot z)^co3 (ir tan a?), show that either cose-c 2x or 
cot is of the form w+J, ivhere n is any inttger, ‘positive or negative, 
sin (it cot (i;) = cos (ir tan a;)=sin (Jir-ir tan x). 

T cot aj = /fT+ (—!)*( Jr- T tan «) ; 
when h is even, = 2n, 
cotaj+tan a;*2»+J 
and when kie odd »8n+l, 

aotaj-ten a!«(2n+lJ-J»2w+J. 



8 


HIGHEB TRIGONOMETRY 


n+}=i (cota5±tan a;)= J 

* ^ ' ' 2 \ sm aj cos as / 

« _ J _ , 

sin 2x ’ sin Qas' 
cither cosec 2x, or, cot 2a; = n+J. 

EXAMPLES I 

1. Solve the following equations ; 

(i) (a) 1 + cos 0 = 2 cos*0. [ C. P. 1938, ] 

ih) 3 sin 0 + 2 cos‘^0 = 0. [C, P. 1932, ] 

(c) oos®a5 - cos a; sin os - sin^a? = 1. 

(ii) tan*® + cot*a; = 2. 

(iii) tan 0 + tan 20 •= tan 30. [ C. P, 1945 , 1 

(iv) cos sin ® = J2, [ G, P, 1940, ] 

(v) 4 sin 4® + 1 J5. 

(vi) cos*® sin 3® + sin*® cos 3®= f. 

(vii) cos 3® + cos 2® + cos ® = 0. [ C. P. 1939, ] 

(viii) cos 3® + sin 3® = cos ® + sin ®. 

(ix) tan ® + tan (® + in) f tan (® + fyt) = 3. 

(x) sin ® + sin 2® + sin 3® + sin 4® = 0. 

(xi) sin m0 + sin nO = 0. [C, P, 1935, ] 

(xii) sin mO + cos nO = 0. 

(xiii) sin 20 sec 40 + cos 20 = cos 60. [ C, P, 1934, ] 

(xiv) sec {in + ®) + sec (iw - ®) = 2 J2, 

(xv) ooseo 4a - cosec 4® = cot 4a - cot 4®. 

(xvi) 2 {sin 2® +• sin 2y) ~ 1 = 2 sin (® i-y), 

(xvii) 2 sin (0 - * sin (0 + 1. [ 0, H, *1937. ] 
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2. Find all the angles between 0 and 2n which satisfy 
the eciuations 

(i) 4 cos^d - 2 cos a - 1 = 0. [ C, P. 1980. ] 

(ii) cos 20 - cos 0 + 4 •= 0. 

3. Find the roots common to the equations 

2 8inV + siii^2iC--2 
and sin 2x + cos 2x ~ tan x. 

4. If sin X + 8in^£c = 1, find sin x ; and show that 

cos®a? + 00^^05 = 1. 

5. Verify that the trigonometrical equation, 


1 

cos 0 

•cos'^0 1 

= 0 

1 

cos a 

C0B®a 


1 

cos a 

cos**a 



leads to the final solution 0 = n«±a, where n is zero or an 
integer. 

6. Solve : 

(i) sin 4(n f 1)0 + sin 4(n - 1)0 = sin 0. [ C. P. 198G. ] 

(ii) tan x cot {x + a) tan 0 cot (0 -!- a). 

(hi) cos (x - a) cos (a; - 6) = sin a sin h + cos x cos c. 

(iv) cos (x - a) cos (x ~ h) cos (x - c) 

sin a sin h sin c sin x + cos a cos b cos c cos x, 

[ Expand the cosines and divide by cos a cos b cos c cos*x. ] 

7. Solve for x and y the equations 

sin X + sin y + sin a *= cos a? + cos y + cos a, 
a? + 2 / - 2a. 

8. If tan a, tan 0, tan ? are the roots of the equation 

aj® - (a + 1)®® + (6 - a)flj * 6 = 0, prove that 
a + 0 + y = w#i + in, [ C. H, 1989, ] 
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9, If Xu flJgi or, 4 ^ are the roots of 

tan {x + 3 tan 3a; 

no two of which have equal tangents, then 

tan a?! + tan X 2 + tan x^ + tan x^ = 0. 

[ Express ilie equation as a biquadratic in tan x. ] 


10. Solve for x the equation, 

I 1 cos X 0 


COB X 1 cos a 

0 cos a 1 

0 cos P * cos Y 


0 


= 0 . 


cos j? 
cos Y 
1 


[ Multiplying tlie first column by cos x and subtracting it from the 
sccondt reduce the order of determinant by one and then proceed. ] 


Solve (Ex. 11 to 14) : 

11 . (i) cos^a; coB®i^ + sin''*a7 sin® 2 / = l. 

(ii) cot a; - cot y - 2, 2 sin a? sin ^ = 1. 

12. cos a; + cos 1 / = cos z, 
cos 2a; + cos 2y = cos 2z, 
cos 3a; + cos 3?/ = cos 3z. 

13. cos 2a; + cos 2 (j: - a) + cos 2(a; - fe) + cos 2(aj - c) 

= 4 cos a cos b cos c. 

[iiCos acosb cos c-cos (a+d+c)+c £?3 (-a+6+c) 

+COS (a— 6 +c)+co 5 (a+6 — c). ] 


14. 


/sin ^ tan B 
\sin 4>) tan <l> 


[ 0. P. 1942. j 


16. Show that the equation sin x (sin a; + cos a?)»a has 
real solution if and only if a is a real number lying between 
4(1 ““ n/ 2) and 4(1 + ^2). •• 
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1. (i) (o) 2nT or 2n5r±ilT. 
(ii)«5r±^' (iii) Mir, 

(vi) 7+(-i)"-|- 

(viii) nir or 


ANSWERS 

(b) M*r + (-l)" (c) 2»iror 2n^— 2 ’ 

V 

40‘ 


or^. (av)2»ir-^< (v) ^+(-1)"^' 


(vii) 2nx±'f^’'^ or iix± 

(«) 


(x) 2nir± 4nir±ir, %i7r ; tho first two answers can bo put in 

•a O 


the forms (2A:+1)^ and(2&+l)ir. (xi) * 

(xiii) or^4«-l^ (xiv) Swtt. 

•(xvi) a;-l-^=nir+(— 1)'‘ an4 x—y — 2mir± 


(xii) 


4fr - IT ^ 
W±7t 2 


(xv) inw+a. 


(xvii) d~rir+ 


2 , 0 ) 


0 = (2w-'r)fl-+ g 

TT 7r ITt 235r 
12*12* 12* 12* 



0 = nr+ 


3 


0-(2n-r)ir- ^ • 


(ii) 


IT Stt Tt 9^7r 

6 ’ 5 ’ 6 ’ 5“ 


TT 3^ 

3. nir+ ^ and W9r+ “ ; thoy can also be put in the form (2A;+ 1) ^ • 

4. . 6. (i) (2ft+l)x or (ii) nv+p, nx+ ^ -0-3. 

(iii) nv + Jit ; 2wr + <2 -t- ft ± c. (iv) nir or wr + (a 4* 6 + c). 

7. aj=a+2nir±^; t/ = a-2nT?^* 

10. w9r+(-l)“.sin-‘ + a"ooBla ofvs’7 . 

^ ’ sin 7 

11. (i) x^mir, y^nv ; a; = w7r+jT, y^nT+Jir. 

(ii) ®*(w-n)7r+Jir, 7/-(77i+n)Tr+|ir, 

12. ff = 2n7r±jT, y=27nir±Jir or aj='27Mr±5ir, jy *=2miri: Jtt ; 
and 

18. a!®s«ir+ J(a+6+c) or t»r— J(ii+6+c) + tan“^ 

14. ^ ± i^r, ^ 5= nflr ± hr (only like signs being paired). 
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From the usual formulae for multiple angles, namely 
sin 2J = 2 sin A cos A 

cos 2A = cos®.4 - sin®-4 ~ 2 cob^A -1 = 1-2 sin®-4 


1 + cos 2^4 = 2 cos^il, 1 — cos 2-4 = 2 sin ^-4 


tan 2A 


2 tan yf 
1 - tan '* -4 


sin 3^4 = 3 sin 41-4 sin®-4 
cos 8A = 4 cos®^4 - 3 cos A 


tan 3-4 = 


3 tan A - tan®-4 
1-3 tan “-4 


putting -4 = and id respectively, we derive the following 
formulae for submultipie angles. 

sin 6-2 sin ^6 cos iS 

cos 6-cos*j6-sin*|6-2 cos“i6“l-l “2 sin"i6 
1 + cos 6-2 cos*-^> 1-cos 6-2 sin*^ 


1 - 

sin 6 - 3 Bin j|6 - 4 sin*id 

COB d "• 4 COB*j;d - 3 cos 

_ 3 tan 19- tan* 4© 
tnB O — " '■■ 4 ' ' ' g~ " a -V "" • 
1-3 tan* 1© 
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9. Values of sin ^6 and cos Jd in terms of cos 6. 

6 B 

From 1 - cos 0 = 2 sin® ^ ^ cos 0 = 2 cos® ^ > we 

at once deduce 

sin ^6- ± ^/Kl -co8 a) 
cos ± ^/i(l+cos 6), 

10. Ambiguity of aigm explained. 

When cos 0 is given and not 0, 0 and consequently \B 
has a series of values. If a be the smallest positive value 
of 0 for the given value of cos 0, tlie general value of 0 is 
2w«±a, n being any integer. Thus for different values of w, 
^0 may lie in any of two i)ossible quadrants depending 
on the value of a, and sin %B and cos i0 will then have 
corresponding signs. 

If the quadrant in which |0 lies be knowm, for example 

when 0 is given along with cos 0, there is no ambiguity in 

choosing the proi)er signs of cos and sin 40 , as shown in 
the following exami)le. 

Ex. 1. Find sin 225” cor 225° • 

Bin 22J°= + ^/i(l-cos‘^5”)=y^ ? (^■";^2)“ \ ’ 

cos 22^ = + ^/4^^+oo8 45°)= ^ (l+ = 2' 

11. Values of sin iS and cos ^ in terms of sin 6. 

We know that sin 0 = 2 sin 40 cos id 
and 1 = cos® iO + sin® 4®. 

Therefore, 1 + sin 0 = (cos iB + sin 40)® 
and 1 “ sin 0 = (cos 40 ” sin 40)® . 

Hence, cos 40 + sin 40= ± ^/l + sin 0 
cos 40 " sin 40 = ± “ sin 0. 
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Thus, cos ■■ ± J ^l+sin 6 ± Wl "“Bin 6 

and sin ^0'- ±i\/l+sin d ? Wi-Bin 0. 

12. Ambiguity of signs explained. 

As before, when sin Q is given and not 0, 0 has a series- 
of values given by ww + ( ~ where a is the smallest- 
positive value of 0 for the given value of sin 0 ; i0 will there- 
fore have values lying in different quadrants, cos i0 + sin 40 * 
= ^/2 sin (in + id) and cos iO - sin iO— J2 cos’(i*^ + i®) will 
have their signs determined accordingly. 

4 

If in addition to the given value of sin 0, 'of the four 
quadrants determined by 2nn±in, (27% + i)n±in, (2» + l);t 
± iyi and (2rt + Dti ± Iti, thatin which ^0 specifically lies be 
given, there is no ambiguity in choosing the signs of cos 40 * 
H-sin 40 and cos 40“ sin iO. Thus, sin 40 and cos 40 will 
be definitely known. 

Ex. 2. Find sin 15“ and cos 16“ . 

Wo have, oos 16“ + sin 16“ = + ^/i + sin^0*«= \/i+J 
cos 16“ - sin 15“ = + ^l- sin 30* « 

[ cos 15“ — sin 15“ = <s/2 sin (iir— 15“) and is clearly positive ] 

Thus, oos 15“ = 4 ( »s/f + 2 ^'^ 

siu = = 

13. sin ^ 6 and cos ^ in terms of cos 0 . 

We have, 2 cos 4® = 2 ^/4 (l+oos 0)= s/2 + 2 cos 0. 

Similarly, 2 cos \/2 + 2cos40== ^/2 + \^2+2 008 0*., 

2 cos 2-^2 cos^ a/2 + n/2^W^12^70> 
and^BOom.. , 
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In the same way, 


2 oos 


2"® ^/■ 


2 + 2 oos '^zri 6 


“ cos e 

n square root signs being involved. 


2 sin e = 2^ II 1 - cos e) 


Ji- 


2cob2„,x0 


^/2 n / 2 + - 72+ ,./2 + -”+ ^ 2 + 2 cosff 

n square root signs being involved. 

Cor. cos Jir« J n/2 + 2 ; cos n/2+V2+ <^2 

cos A’r = J \/2+ \^2'+ V24- Vs » 

Bin Jir= J ^/2- ^2 • sin TVr = J ^/2'■^^/2+’''^2 
sin 3"a1^ = i^/2 - n/2+ ^2 ' 

14. tan ^6 in terms of tan 6 . 

BVom the formula, tan 0 = i ^ 

1 - tan’® 

i.e,, from the tan 0. tan® i0 + 2 tan i0 - tan 0 = 0, 


we easily dedue 


tan^ 0 


” 1 ± \/l + tan®0, 
tan 0 


The reason of the ambiguity is similar to those in the 
previous oases. 
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15. Ratios of iS from those of B. 

By fiolving the cubic equation 

fiin 0 - sill Jo - 1 sin® ^0 ••• (1) 

we get sin J0, if sin 0 he known. 

Now, a cubic erjuation has tliree roots ; we therefore 
get tliree possible values of sin -JO. The reason may be 
explained as follows. 

All angles, for wliicli sin 0 is given, are included in the 
general formula HTt + i- ITO, n being any integer ?.<?., + 0 

and (2w + lX^“ 0, where vi is any integer. The values of 
sin Jo derived from (l) therefore, will include values of 
sin J (tl//?jj + 0) and sin I H-lk- 0} for all integral values 
of ni. Now when divided by 3, will leave remainders 
0, 1 or 2. As any multii)le of 2;i, added or subtracted, will 
not alter the siqe of an angle, sin J- + 0) will liave 
three distinct values, viz.^ sin J0, sin J (2.-* + 0), sin J + O). 
Similarly, sin i \{^2m + 1)« - 0} will have three distinct values, 
VIZ., sin J {ti - 0), sin i (Sjc - 0), sin J (on - 6). No\v, sin J (ti - O) 
»= sin J U - 0)1 = sin (2:i + 0) ; sin i {^n - 0) - sin ^0 ; 
sin J (Ste ~ O) “■ sin -- 1 (4.-i + fl)\ - sin (4'?t + O), 

Thus, sin i -I- ( - l)”0} for different integral values of 
n has only tliree distinct values, viz,, sin ^0, sin i (2« + 0),. 
sin i (471 + 0) which are obtained as solutions of (l). 

Obs. The ohoioo of the particular value from tbesi*. three depends 
on the circunifitauces of nnv particular case and cm the relative 
magnitudcH and signs of the three values. As an example, if wo want 
to find sin 10^ from sin SO", as the three roots of the corresponding 
oquati«>n, we shall get values of sin 10®, sin 130®, sin 250®. Now 
sin 250® is negative and sin 130® («siu 50®), though positive, is greater 
than sin 10®. Thus, tho least poeitl^^ solution is to bo selected in 
this case. ‘ ’ 
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Solving, as above, the cubic equations 
COB 0 = 4 cos®i0 “ 3 cos -^0 


and 


_ 3 tan i0 - tan®i0 

l-3TB,nW 



we derive values of cos ^0 from that of cos 0, and of tan i0 
from tliat of tan 0 respectively. 

Discussing as before, it may be shown that the three 
roots of (2) are the values of cos i0, cos 4(2n + 0), cos 4(4;i + 0) 
and those of (3) are the values of tan ^0, taa^U + 0), 
tan i(2;i + 0). 

16. Ratios of 18^ and 36^ 

Let 0 “ 18^ ; then 20 = 90* - 30. 

/ . sin 20 = cos 30, or 2 sin 0 cos 0 *■ cos 0 (4 co8®0 - 3). 

As cos 0 (e.s„ cos 18®) is not zero, we have 
2 sin 0 = 4 008*0 - 3 ■■ 1 - 4 sin*0, 

or, 4 sin*0 + 2 sin 0^ 1 = 0. 

• n/ 4+*16^(± ^/^>-l) 

• • ' 8 4 


Now, as 0 here is a positive acute angle, therefore reject- 
ing the negative value, we get 

sloW-iC^/S-l). 

cos 18 *- + -s/l -sin* 18 * -i ( Jl 6+2 ^ 6 ). 

COB 86 '’-l -2 sin* 18 *-l(,/ 6 +l). 

sin 36 "- Vl-co 8 « 86 "-i ( 

Note. Since 54* and 36* are complementary and 72* and 18* are 
complementary, from the above values wo easily get the trigonometrical 
ratios of 54* and 72*. 
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17. Ratios of 8° and multiples of 8*. 

sin 3* = sin (18* - 15*) = sin 18* cos 16* - dos 18* sin 16* 

= A(^/5-lX^/6+ ^/5)-i(^/g-l)(^/^J5) 

on substituting the values of sin 18®, cos 16® etc. 

Similarly, 

cos3® = HN/3 + l)(76T76) + ^(ay6- ^/^(^/6-l)• 
From a knowledge of the ratios of 3®, 15®, 18®, 30®, 36** 
and 45®, we can deduce the ratios "for all angles which are 
multiples of 3®, (for, 6® -36® -30®; 9® = 45® -36®; 12® = 
80® - 18® ; 21® = 36® - 15® ; etc.). For angles greater than 
45®, the ratios may be deduced from those of their comple- 
ments which are less than 45®. 

Ex. 8. Prove that 

tan o tan (J7r+ a) tan (?*■ + a) = — tan 3a. 

In the relation tan putting tan 0 =®, 

3® — ® ^ 

we get, tan 8a 


or, tan 8a- 3® + tan 3a =*0. 

Let ®i, ®ai ^ the throe roots of this cubic equation. It at once 
follows from Art, 15 that ^i^tan a, ®as=tan (jir+a), =tan (8ir+a). 
Also, it i^ known from the Theory of Equations that = - tan 3a ; 

hence the required result follows. 


Ex. 4. Show that 


sinx ^ X X X 


, . .1 1 
We have, sin ® “ 2 » oos ^ ; 


1 11 

sm 2 ® p=2 sin « cos ^ ® ; 

* 1 1 1 

sin ^ sin « cos^, x. 
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Similarly, sin sc = 2 sin ^ a cos ®« 


Hence, sin flj“ 2 ** cos | a; cos ^ a cos ^ x cos ^ as sin ^ x. 

When n is indefinitely large, A a? is indefinitely small and hence 

a 

in the limit, sin ^ ^ ®* 


sin sc XX X 
Hence, “ ^ -=008 ^os -ty cos ^ 

Note. This is known as Euler' a Product. 


EXAMPLES II 

1* Determine the limits between which A must lie in 
order that 

(i) 2 sin 4 “ ^/^+sTn"^ - ^/i^n¥i. 

(ii) 2 cos id ■= — /s/i -fsin 2Ld + ^/l“ Bin 2-4. 

2. Prove that 

(i) tan 7r- ^6- ^/3+ ^2-2. 

(ii) tan 142^ “2+ ^2-^3- n/6. 


8. Prove that 


cos \A ^ sin \ A 
Vl+sini is/l-sinil 


sec A, 


provided A lies between (4w- i)» and {in + i);j, the positive 
sign of the radicals being taken. 


4. If il = 240", is the following statement correct ? 

2 sin iA = ^/l+8inil - is/l-Bin il-^ 

If not, how must it be modffled ? 
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6 . 


fove that the four values of are 

V 1 + sm a? “ 1 

cot iXf tan i (jt +a?), “ tan ix, - cot i{n + x). 


6. If tan a be given and tan ia be found in terms of it, 
prove that there will be two values of tan ia reciprocals in 
magnitude and opposite in sign. 


7. If tan I ■■ 2 * that 


. cos 0-e 

• cos 9 “ ^ 

^ 1 - a cos d 

8. Prove that < 

4^1 4 - 4 . 4 3 

(l) cos g + cos -Q- + cos + cos Q- “ 2 • 

(ii) tan 6® tan 42® tan 66® tan 78®= 1. 

(ill) sin jg sin j-g sin ^ sm jg - 

(iv) tan a + tan + a) + tan {in + a) = 3 tan 3a. 

9. Prove that on© root of the equation^ 


8a;* + 4a;® - 6®* - 2a; + J ■“ 0 is sin —• 

10 . If sin a + sin J3 = a and cos a + cos j5 ■* 6, find the 

value of tan 4(a - j5). [ C. P. 1940. ] 

11 . If a + j5 + y = show that 

(1 - tan ia){l - tan ig)(l - tan ^v) 

(1 + tan ia)(l + tan ip){l + tan i?) 


sin g + 8m g + sin y-1 
oos^ + eos jJ + cos'y 
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12. If prove that 

2*^ cos 9 cos 20 cos 2^0 cos 2’^“^0 = li 

13. Show that 

t^li “ I )(i “ 

. [ P. H. 1985. ] 

(ii) = (l + sec 20)(l + sec 2^B){l + sec 2®0)-" 

•••(l + sec 2*^0). 

[ TJse tan d (1 + sec 20) =» tan 20. ] 

+ \ = (2 cos 0 - 1)(2 008 20 - 1) 

X (2 COB 2®0 - l) (2 cos 2**“'^0 - 1). 

[ Use (2 cos 0 + 1)(2 cos 0— l) = 2 cos 20 + 1. ] 

14. Show that 

^ + ^ 

9c 2 2 2 

[ Put «« Jt in Euler's product and use Art. 13. ] 
ANSWEB8 

1. (I) 2»» ± I* (ii) (8n+6)^ and (8»+7)|. 

4. 2 sin = jJl+Bin A + A. 10. ± 

*Elx^Tni as Vieta's expression for r. 
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INVERSE CIRCULAR FUNCTIONS 


18. The equation sin 6 = x means that 0 is an angle 
whose sine is ar. It is often convenient to express this 
statement inversely by writing B = ein“^a;. Thus, the symbol 
sin “^05 denotes an angle whose sine is x. Hence, sin“^aj is 
an angle whereas sin d is a num^Der. The two relations 
BinO^x and 6 = sin“^aj are identical; if one is given, the 
other follows. The symbol sin*"^® is usually read as “sine 
inverse x** or “sine minus one x*\ 

Note, sin* *aj must not be confused with (sin 0?)“^ i.e., 

19. We know that if B be the least positive angle whose 
sine is equal to x, then all the angles given by WTt + ( ** 1)^ B 
have their sine equal to x. Hence, sin“"^a? has got an infinite 
number of values, and as such, sin^^a? is a multiple-valued 
function. 

Hence, the general value of + sin"^® 

where on the right-hand side, sin"^® stands for any parti- 
cular angle whose sine is x. 

Similarly, the general value of 
oos'^® = 2nn ± cos”^® 
and of tan"^® = wti + tan"^®. 

' The smallest numerical value, either positive or negative 
of B, where sin 6-®, is called the principal value of sin^^x. 
Thus, the principal value of sin”^ i is 30®. If corresponding 
to the same inverse function, there are two angles as found 
above, one positive and the other negative, it is customary 
to take thee positive angle as the principal value; thus 
the prini^al value of oos''^ i is 60® a^ not - 60®, although 
oos(-60j*i. . « 
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In all numerical examples, the principal value is generally 
taken. 

oos'^a?, tan'^a?, cosec"" sec""^aj, cot”^® have similar 
significance and properties as of Bin“^a? mentioned above. 
These expressions are called Inverse circular functions. 

20. EVom the definition, it at once fallows that 
S = sin“^ sin 0, and aJ=»sin sin'^rr. 

For if sin d-x, then 0 = sin“^a;*=sin”^ sin 0, 
and a* = sin B =lin sin'^a?. 

Similarly, 0 = cos“^ cos e^tan"^ tan B ; etc. 

• and X = cos cos“ ^x = tan tan“ ; etc. 

Also, we have • 

cosec" ‘‘x- sin"** — ; cot"^x^tan"'* ^ ; sec"^x-»cos"'*'^* 

Let coseo"^aj = 0 ; then cosec B^x. 


sin 0 = 


cosec 0 


Hence, 0 = sia“^- -» and therefore, cosec"’^a? = sin'‘ 


1 

X 


In the same way, we have, cosec”^ - = sin ^x, 

X 


The other relations follow similarly. 

21. As all the trigonometrical ratios can be expressed in 
terms of any one, similarly all the inverse trigonometrical 
functions can be expressed in terms of any one of them. 

Thus, let sin^^a: — 0 ; then sin 0-®. 


tan 0 = 




; cot 0 = 


_ N/i-a 
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0 = sin“^a! = cos“^ = tan“^ 


i.~l —1 1 -1 1 

= cot = sec /--==7; = coseo *- • 

X sjl-x^ X 

22. To prove that 

(i) Bill"^X + C 08 “^X“ ^ • 

(ii) taii"^x + cot“^x- —* 

f 

(iii) cosec^^x+sec’^x— ^ • 

Let sm“^a; “ e ; then sin 6 = £C. Now, sin d ■= cos (i;r - S), 
.* . cos (in - 6) *=* a: and hence cos~^fl; = in-B. 
Therefore, sin“^aj + cos”^® * 0 + Jiti - 6 =* 

Similarly, the other two relations follow. 


Note. In tlie above resnlta, principal values of inverse functions 
have been taken and x bas been tacitly assumed to be positive. If a; be 
negative, results (i) and (iii) will still hold but not (ii). [ See Ex. 111^ 
Sum no. ] 


28. To prove that 

(I) tan“’x+taii“V“t»n~’ r~^' 

1 “ xy 


(ii) tan"*x-tta"V“tan”^ 

Let tan“^® = a, then tan a = ®; 
also let tan-^y = j5, then tan P •* y. 

Now, 

1 - tan a tan P 1 - ®y 


a + P = tan 


l’-«ry 


t,e., tan*^® + tan^^y « tan“^ -5-111?-, 
* 1 - ®y 

Similarly, the second relation follows. 
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Note 1. It oan be easily proved as above that 
oot“ ‘oj ± cot" ‘ y «= cot“ ^ 

Note 2. In the above results we have oonsi^erod prinqipibl values 
only and have tacitly assumed a;, ?/, 1 — xy all positive. In case these 
restrictions are removed, there will bo modifications in tho results. 
[ cf. Ex, Hit Sum no, 34(i),'] 

24. To prove that 

taii"‘*x+taii"V+tan"'*z— tan"** — 5Z5-. 

1-yzrzx-xy 

Let tan"^a; = a ; ; tdjT^z-Y ; 

. tan a ~ ic, tan ^ « y, tan y = z. 

Now, tan(a + i3+y) 

^ tan a -h tan p + tan V ~ tan a tan g tan Y 
1 - tan )5 tan Y - tan Y tan a - tan a tan p 
^ xfy-^'Z-oryz^ 

1- yz- zx- xy 

Hence. a + ^ + 

1-yz- zx-xy 

Since, a + j5 + y~tan"^a; + tan"^l/ + tan"^;?, the required 
result follows. 

Note. This relation can also be deduced by applying twice the 
formula of Art. 2S. Thus, 

left sides=(tan“‘.'c+tan*'y) + tan"^ 2 i 

= tan“^ S^^+tan"^s ; now again apply Art. 23. 

26. In fact for most of the formulae involving ordinary 
circular functions, corresponding relations connecting the 
inverse circular functions can be easily deduced. In addition 
to those given above, some are illustrated in the following 
examples. 

Ez. 1. Show that 

(ii)/oa*^a5±cos*'jy«c05** {xyT J{l--x*)(l^y^)}* 
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(i) Let sin o=® and cos a»= ^1-®* ; 

sin p^y and cos p^ 

Now, sin (aii8)*«sin a cos p± cos a sin p 

«® ^/i-J/*±y^/l— ®** I 

a±p^Rin“^ {x ±y »Ji — x‘*y 

Since, o±/3 = 8 in“*®isin"‘ 2 /, the required result follows. 

(ii) These relations follow similarly from the values of cos (a±j3). 

Ex. 2. Shoii) that 

(i) 2 s4w"^® = sin"^ (2®^r-^®). 

(ii) 2 cos*“'®“co5“^ (2®* — 1). 

(w) 2 ^fln“*®=^fln**r-^^- 
1 —® 

(i) Lot ein“'®=»0. .’. sin d=®, cos 

Now, sin 20 =2 sin $ cos B=^’2ai 

. • . 20 = sin- ^ (2® 

Since, 0«8in-^® the required result follows. 

(ii) & (iii). These relations follow similarly from the corresponding 
values of cos 20 in terms of cos 0 and tan 20 in terms of tan 0. 

Note. The above three relations can also be deduced by putting 
X for y in the values of sin-^®+sin-^;/, cos" ‘a + cos* * 2 / and 
tan-^®+tan-‘y. 

Ex. 2. Shota that 
(i) 3 sin”*® « saw" ‘(3® -4®*). 

(if) 3 cos-*®=cos-* (4®* — 3®), 

(iii) 3 ian“*®=<aw-* 

(i) Let sin-‘®B=0 ; then sin 0»®. 

Now, sin 30*3 sin 0-4 sin*0»S®-4®*. 

30, i.e., 3 8in-*®*sin-* (3®— 4®*). 

(ii) & (iii). These relations follow similarly from the corresponding 
values of cos 30 in terms of cos 0 and tan 30 in terms of tan 0. 

Note. The result of (iii) may also he deduced by patting p*i*® 
in the formula of Art. 24. 
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Ex. 4. Show that 

2tan-^x*8in-’ 

Let tan"*® = 0. 


2x 


eeOB 


1 + X^ 

. tan B^x. 
2x 


-1^. 

!+*• 


»tan“^ 


2x 

1-x* 


Since, sin 2B « f 1 . s 

l + tan-^d 1+x^ 


20, i.e.t 2 tan“‘aj = sin“‘ 


r+«® 


since, COB 20 =»=-.- — a* 

l+tan^0 l+»* 


and tan 20 • 


2 tan»0 2a- 


1— tan*0 1— a;® 
the remaining relations follow similarly. 

Ex. 5. Write down the value of 
sin co3~^ Ji. 

Lot 0«tan“^ sin oos“^ ; 

then tan 0 = sin cos*^ iv-'5 = sin Bm“^ is/i-S=Bin sin’^ 

. ' . the least positive value of 0 ~ 

and hence, the general value of 0 i.e., of the given expression is 

n-ir+Jir or 4ir(6n+l). 

Ex. 6. Show that 

2 tan”^ ~ ^tan”^ 

O 4 4o 


Since, 2 tan“^aj«tan"‘ 


2a; 

1-a;* 


[ See Ex» 4, ] 


2 tan' 


-1-1 


’tan 




1- 


12 


6 * 


left Blde»tan-‘ ^ + tan“^7 «tan-^ ^^^«tan”‘ 

• 13 * *'"X¥ 4“ 
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Ex. 7, Solve 


2a 1-h* 

:^--COS ' 


tan 


H-a« l+fc’* 

Left side = 2 tan' ‘a— 2 tan“^6. 
the equation reduces to 

2 tan“‘a5 = 2 tan“^a— 2 tan" ^6. 

tan"*a:«tau"‘a-tan”7j = tan 


2x 

i-ic*’ 

[ See Ex, 4, ] 


_i a — ft 
1 + aft’ 


a^h 
14* aft 


Ex. 8. Solve 


, _i07— 1,. .TJ+l TT 

ten ^+te« ^=4* 


[ C. P. 1947. J 


Loft side = tan- = 
a!'‘-4 

the equation reduces to 


t^n" 


a;^ — 4 
-3 


whence, x ■ 


tan" 

’*■^52 


2a ; ‘‘* — 4 . r - 

-3 -rs-'tea ^ =1. 


EXAMPLES 111 

Prove {Ex, 1 to Ex, 15) that : 

!• tan“^a; + cof^ (jc + 1) “ tan'^ (a;® + a? + 1). 

[ C, P. 1935. ] 

2. tan-^a - tan'^c = tan“^ TT^ + • 

1 4 ao 1 + oc 

3. (i) tan (2 tan“^a;)-2 tan (tan'*^fl; + tan”^a;®)e 

[ C. P, 1944. 3 

(ii) tan (l + I oo8-‘-|-) + tan(| - )-f- 

[ a P. 1948. ] 

4^ tan”*^®- 2 tan~^ (coseo tan'*®- tan oot"*’®). 

[0.P.J958.] 
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5. tan" ^ 1 + tan"^ 2 + tan"^ 3 =» jr 

= 2(tan"^ 1 + tan"^ i + tan"^ i), [ C. H. 1950. ] 

6. tan"^(i tan 2-4) + tan"^ (cot A) + tan“^ (oot®-4) = 0. 

7. sin"^ t + sin"^ + sin"^ it “ ^ • [ 0. H. 1947. ] 


8. tan"^ ^ + tan"^ ~ + tan"^ 

xr yr zr 2 

where — +y^ + z‘^. 

- 


2x 


^ ^ ri . -1 2® 1 l-x^\ 2i 

«. tanigsm i+-2+2«°9 iT^ri- 

[ C. P. 2947. ] 

10. cot hoot -+cot — 0. 

x-y y-z z-x 

11. taii-^/yg + taii-‘^»%taii-"Ayg = «, 


12. 


yz 

where r = » + 1/ + ^, 
2a; 


[ C. P. 1935. ] 




L 1 i _i 3®-®* 

, 1 , -1 4a; -4a;® , -i 

■"12*“ r-6®“+®"°*“ ®- 


13. COB tan”*' Bin cot 


®"\®“ + 2) 


14. 2tan-^(Vj~Jtan|) = 


_i ft + acoBo; 

cos "TT 

a + 6 cos 0 ? 

[ 0. P. 795^. ] 

15. tan-‘® + tan-"v=| 

16. If cob“*® + cos”^y + ooB“*’if = n, bHow that 

«•+»*+«*+ iayyz = 1. [0. E. 1960 ; 0. P. 1934, ’42.] 

17. If Bin"*’® + sin"*"!^ + sin“*’« = n, Bhow that 

X tfl-^+y Jl-y* + z Jl-z’‘*‘2xtz’ 

1 0. H. 1987. ] 
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18 . If tan’'^a? + taii“^y + fean“^j8i = n, show that 

x + y + z-xyz, [ 0. P, 1940. ] 

19. If a, P, y be the roots of the equation a?® +px^ +qx 

+ 2 ;*^ 0 , iwve that tan"^a + tan“^p + tan"^)' = ?i;j radians, 
except in one particular case. [ 0. P. 1940. ] 

20. Solve the following equations : 

(i) sin“^ ^ ^^2 + Bin"^ - = 2 tan'^rc. [ 0. P. 1936. ] 

(ii) tan"*^ 2a; + tan"’^ 3x-in. ‘ 

(iii) tan”^ (a; - 1) + tan ~^x + tan"^ (a: + 1) = tan"^ 3a?. 

[ C. P. 1933. ] 

(iv) flin 2 cob”^ cot 2 tan“^a? = 0. 

(v) coa’^ \ = 2 8eo“^ Vl + a® * 2 sec’ ^ ^/l + fe®. 

(vi) cob“^ (a? + i) + cos“^a? + cos*^ (a? - J) - in. 

dC.H. 1931. 3 


(vii) sin*" ^x + sin"^!^ = ht ; 

cos"^a? - coa”^t/ = iw. [ C. P. 1940. j 

/ . -1 Vl+a?*- Vl-a?* 

(ix) cot"^ (a? - 1) + cot"^ (a? - 2) + cot”^ (a? - 3) *= 0. 

[ C. H. 1939. 3 

(x) tan“^~ +tan"^ - 4-tan"^^ +tan'^- •“ ” • 

' ' a? a? a? a? 2 

(xi) tan”^ J + tan"^ J + tan"^ ^ *-tan“^a? = iji, 

[ 0. P. 1931. 3 

21. Find all the positive integral solutions of 
tan”^® 4- cot”^v = tan"^ 3. 


22. If be a positive integer, show that the equation 

tan^^a? + tan" V * tan“^ k 

baa no positive integral solutions. 
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2S. (i) If sin {n cos a) “ cos (n sin a), show that 
a - ±i sin"^i. 

(ii) If tan (n cos id) -cot {n sin id), express sin d in 
its simplest form. ^ [ C. P. 1941. 1 

24. If tan (ji cot a) = cot (n tan a), show that 

tan a = il(2w + 1) ± + 4« - 15\, 

where n is any integer except 1, 0,-1, - 2. 

25. Write down the^eneral values of 

8in“"^ i( - 1)^, cos'^ i( - 1)*', tan"^ ( - 1)^, 

where k is an integer. 


26. Show that 


sin 


2aihi . , - 

■ailTlj + sm 






8 0«’' + 6» 


can be expressed in the form sin" '"2 if 2 ’ where x and y 

X t” y 

are rational functions of ai, bn. 

27* Show that 


tan”’’ 


^i^x2/ + aj aitta + l 


+ tan”^ 


^2^8 "h 1 


+ ••• 


+ tan 


+tan-^ 

+ 1 



where ax, an are any quantities. 

28. Given that tan”’^®, tan"’^^ and tan”’’;? are in A. P. 

point out the existence of a certain aluebraic relation 
between z. If in addition x, y, z are also in A. P.^ 
prove that x^y=^z. [ C. H. 1980. ] 

29. Solve the equation 

sin-‘ (^5iy * 

[ 0. E. 1938. ] 



32 


HIGHER TRIGONOMETRY 


80. Prove that tan 


-1 


+ tan” 


h-c , c-a 


+ tan” 


1 + g 6 l + 6c 

rT6V'^*“ 


1 + ca 
c® - a* 


[ 0. P. 19B1. ] 

31. Prove that 

tan (tan'^aj + tan-^IZ + tan'^j?) 

= cot (cof^a; adC^y + cot“^jj). [ C. P. 1939. ] 

82. Find the general value of tan”^ (cot x) + cot"^ (tan x). 

83. Solve for x and y 

tan“^aj- tan“^y-cot”^ 2i/“Cot”^ 2x — in. 

84. (i) Show that the value of n in the formula 

tan”^a? + tan”^ y-nn + tan”^ 

1-xy 


is zero, unless > 1 and if a?i/ > 1, w is + 1 or - 1 accord- 
ing as X and y are both positive or both negative (principal 
values only being considered). 


(ii) Show that tan“^a; + cot“^a?= - ^ » if a? < 0. 

85. Find if there is any value of x which strictly satisfies 
the equation 

tan"^ — -7 + tan”^- — ^ = tan”^ (“ 7 ). 

05” 1 X 

[ 0. E. 1943 . 3 

M. II 

show that; 

' 0 . 


1 X (a+x) J{c + x) 
1 y (a + v)J{o + y) 
J z (a + z) J(c+z) 


[ 0. H. 1943. ] 
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AN8WS1B3 

“■ W i=-^‘ ®* *• ®- ±i’ 

(iv) ±1, ±1 ± iv/2. (v) (yi) 0. 

(vii) aj-J, y^l. (viii) ± (ix) J(6± n/6). 

(x) a; is givon by the equation 

X* — x^{cLh+ aC'Htid+bc+bd+ cd)"^ abcd‘^0, 

I 

(ri) j. 

21. When a!«»I, j/=2 and when *=2, i/=7. 2S. (ii) sin 

a 

25. nT+ ( - 1)*+" ^ » (2n + /:)ir± ^ » WT+ ( - 1)* ^ • 

28. (aj+js)(l-j/*)«2j^ (l-acx). 29, tan ±1, -2. 82. ^-2«. 

83. aj.«J(3± is/I7), 2/«i(-3± is/iT). 35. No value. 



CHAPTER IV 

PROPERTIES OF TRIANGLES 


26. Area of a triangle. 

Let ABO be a triangle and let A 
denote its area. Draw AD perpendi • 
oular to BC ; then from AACD^ 

AD = AC sin O = h sin C. 

Now, A — 4 BC.AD ah sin C, 



Similarly, by drawing perpendiculars from B and C to 
the opposite sides, it can be shown that 

A = 4 6c sin A^\ ac sin B, 


Otherwise, A ■■ 4 Rb sin C \ 

»|acBinB(*.‘ 6sinC = csinB) Y (l) 
■■4 be sin A ( *.* a sin J5 = 6 sin A) ) 

Thus, A = {half the product of any two sides) x sine of 
the includ-ed angle, 

A A 

Again, A = 46c sin A -he sin cos ^ 


“ ^/s(8 - a)(s -b)(8 - c). (2) 

Substituting in the above expression s « 4(0' + 6 + c), we get 

A =* i \/(a+6+cX6+c-a)(c + o-^65ra + 6*c) 

Koib 1. In the figure given above^ the perpendicular AD falls 
inside the triangle. If either B or C he obtuse, this wenld not be 
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the case. In such a case, if say C be obtuse, AD « AC sin (180®- C) 
sin C, and the same result follows. 

Note 2. In some text books, S is used to denote the area of 
a triangle ; but to a^oid confusion bstween S and s in writing, the 
symbol A is preferable. 


27. Circum-radius of a triangle. 


Let 0 be the centre, and B, 
the radius of the circle circum- 
scribing the triangle ABC. 

Join BO and produce it to 
meet the circumference in Z). 

Join CD. 



From ABOD, sin = 


But A^BDC - AAt being in the same segment. 


or. 


Similarly, by joining AO and producing it to meet the 
circumference in E and joining CE, BE, it can be shown 
that 


Thus, 


— r — and also='::: — r — 

2 sm B 2 sin 0 

* T-, h _ C ,«|> 

sin A sinB sinC 


(4) 


Again, R 


a ^ abe ^abc 
2 sin ^ 2bc sin A 4 A 


( 6 ) 


Note, If angle A be obtuse, A and D fall on the opposite sides 
of BC and ABCD being cyclio, sin DDCb sin (180®- A) » sin A 
and the same result follows. In case A is a right i^pgle, evidently 

and we get the same result. 
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28. In-radiuB of a Mani^e. 




Let 1 be the centre and r the 
radius of the circle inscribed in 
the triangle ABC ; let D, E, F 
be the points of contact of the 
in-circle with the sides BOt GA^ 
AB respectively. 


Then, ID-IE = IF-r, 

*• Join lA, IB, IC. 
AABC = AIBC + AICA + AIAB 

- iBCJD + iCAJE + UBJF 
= iar + ibr -f 4 cr 
= §r (a + fe + c) = rs. 

Thus, A-ra. 

r-f- (6) 

Again, a-BC^ BD + DC 

«r cot 41 ? + r cot iC, from A® IBD, IGD, 

f cos iB COB 4 C 1 
sin 4 ^ sin 4 cJ 

[ cos iB sin j C + sin jB c os 4^ 1 
sin 45 sin 4 C J 

— sin (45 + jG) _ cos jA 
^ sin 45 sin iG ^ sin 45 sin iC 
[••• 4.4+45+4C«90^ 

sin (45+40)»Bin {90®-44)™ooa 44 ] 

r — a sin 45 sin 40 sec 4 - 4 . 

Since by ( 4 ). a = S 55 sin 4 = 45 sin 44 cos 44 , 

/• r- 4 R sin 4 A sin 4 B sin 4 C. ( 7 ) 

Sj^Doe, itom the fig., 45 * 45 , BD^BF^CD^OE wA 
'liliipe thn sum of these quantities is equsil to the 
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iii''+BZ> + CD “ semi-perimeter =s, 
i.e., AF-^BC, or, AF-^-a^s, 

AF^s — a = AE. 

Similarly, BF-s-b = BD •, CE^^s-c-pD. 

From AAIF, IF ~AF tan lAF. 

r->(8-a) tan iA. \ 

Similarly, r»(8-b) tan |B, !• ••• (8) 

and r"(8 - a) tan JC. J 

Note. DintMces of the in-centres from the vertices. 

From t^AIF, lA^lF coseo lAF^ lAar comc 

Similarly, lB»r cosec iB and lC"^r eosec JC 

29. Ex-radii of a triangle. 

Let Ji be the centre, and 
Vx the radius of the escribed 
circle (opposite to the angle A) of 
the £^ABG ; let D, E, F be the 
points of contact of the circle 
with the sides BC, and AG and 
AB produced. 

Let r 2 , ra denote the radii 
of the escribed circles opposite 
to the angles B and G respect - 
tively. 

Now, IiD^^IxE-hF^ri, ; join AI^, Bhfilt. 

AABG^hhAB + AItAC- AhBG 

- iAB, UG, hE - iBC. IiD 
« JcTi + 46ri - iarx 
(6 + c-u) 

* irx (b + c + a - 2a) 

»iri (2«-2a) 
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Thus, 


A = ri (s-a). 

r,--^ ' 

B-a 


Similarly, r# — — 

• B“D 




( 9 ) 


Again, a = BC = BD + CD 

= ri cot I 1 BD + ri cot IxCP, 

from A* IiBD, I^CD 
= Tx cot (90* - iB) + Ti oot (90* - iC) 
because, Z IxBD = J(180* -B) = 90* - iB 
and ZliOB“i(l80*-C) = 90*-40. 

a = ri (tan iB + tan 4C) 


_ Fsin iB . si n jC l 
Loos iB COB ioJ 

[ sin iB cos iC + sin iC cos iBl 

.. 


cos iB cos iO 


sin (iB + iC) 
cos iB cos iC 

cos iA 


cos iB cos iC 
fi “ o COB iB cos iO sec iA. 


• as in Art. 28. 


Putting a » 2B sin A >■ iB sin iA cos iA, 

ri 4R sin iA cos |B eos 2C. 

Similarly, ra ■" 4R cos iA sin iB cos iC, (10) 

and rs"*4R cos iA cos iB siin iC. 

Again,* AE’^AC + CE^b + OD ( ’•' CE‘*CD) 

and AF-^AB+BF’^o+ED. (V SF=BD) 
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Bat AE = AF ; therefore, by addition, we get 

= 6 + c +BI) + CI5*“& + c +a 2s. 

AE = a. 

Again, from AAI 1 .E, IxE = AE tan IxAE. 

Fi “ 8 tan J A. 

Similarly, Fa — ataniB, {■ ••• (ll) 

and Fa * 8 tan |C. j 

Note. DiatanceB of ex^cenires from the uertieea. 

From AATxF, I^A^IiF ooseo I^AF. 

/iA»ri coaec 

^4R COM iB eo9 iC, by formtaa (10). 
From ABI^Ft I^F oofieo I^BF. 

f. /iB-ri «ec iS. ( *.• ) 

Similarly, /tC»rt eec |C, 

In the same way, comc coomc JC. 


Ex, 1. Prove tJiat A + i+ !.» 1. 

rt r, r 

By formula (0), 


left side=»®^+ 


5-b , 
A ■*" 


g—c 

A 


[ C. P. 293d, *50. ] 
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Ex. 8. SJww that 

dc-rgr, ^ ca-^r^rt ^ ah—r^r^ 

y*! * »*9 * f, ’ 

6c— rara“i[46c— 2 s( 25— 2fl)] 

= i[46c — (a + 6 + c)(6 + c — fl)] 

■■ J[4&c + ix’* - (6 + c) *] 

*= J[(<1 + fe — c)(<i — ft + c)] 

“(«-ft)(a-c). • 

. ftc - rgr a ^ (a - ft)(g - c) _ ( g -* a){s - ft)(a- c) _ A 

* ‘ rx A 5 


Similarly, the other ratios are equal to the same quantity. 

Ex. 4. If a, ^ he the distances of the angular ^oinU of a triangle 
from the points of contact of the in-circle with the sidest show that 


r 


\o+/9+7/ 


[ 0. B. im, ’as, ’29, ’61. ] 


From the fig. of Art. 28, we have, 

AF^'AE^a ; BF^BD--=p ; OD^CE=y. 
a«=a-a, /3=5-ft, 7=S“C ; 
hence, a+/3+7 = 85--{a+&+c) = 3.s~25 = s. 

From formula (6), r ’ - ^ " 

^ (a~a)(a-ft)(a--c) 

s 


a+j8+7 

Hence, the required result follows. 

Ex. 5. 1/ r : Tx : B«2 : 12 : 6, sftow that the triangle is righU 
ngkd* 

From the given relation, we have 

2B*rx -*^**411 sin JA (cos JB cos JC- sin JB sin JO) 

»4B sin JA cos (JB +10 
«4ft tfn*J4«*2B (1-oos A). 

308 A*Qi Ai»90*. 
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EXAMPLES lV(a) 


1 . 


2 . 


Find the area of the triangle whose sides are 

V + *,£+?:. ® + W. 
z XX V V z 

Prove that 

(i) 6“ sin 2C + C* sin 2J5 = 4A. 

(ii) Vi +ra +r3 -r-4B. 

(iii) rjVa C C. P. 1943. ] 


(iv) 

(v) 

(vi) 


cos 4 + 008 B + oos 0 = 1 + 
sin 4 + sin J5 + sin C — 2 j' 

b-c j o-g ^ a-d ^ Q 

Ti ra Ta 


r 

b' 


(vii) (ri-rX»'8”»'X»'s“»’) = 4Br*. 

1 ir<t +ra)(rn +rtXri +rB) 


(viii) 2?' 


'^■8 

Tar a + 


[ C. P. 1951. ] 


(ix) A = JrTiXara-'r^ cot i4 oot \B cot iO. 

(x) a cot A + b oot B + c oot C = 2(B + r). 

[ C. P. 1949. ] 

(xi) a cos 4 + 6 cos J5 + c cos 0 = 41? 8in,4 sin B sin 0. 

[ C. P. 1934. ] 

(xii) a cos B cos C + b oos C cos 4 + c oos 4 cos 15 “ 

(xiii) rj.Xcos B**oos 0)+ra (cos G-’Cob 4^ • 

+ra (cos 4-006 B)“0. 
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(xiv) It (cos B + cos C - oos A + 1). 

\r ri ra rsf r Vi ra rj 
(xvii) ri (ra +ra) cosec (ra +ri) coseo B 

"^8 (^1 +^a) cosec C, 


(xviii) 

(ri+raXri+rg) 


/ . ^ ^ 2B + r-rt 

(XJX; 008 4 2^ — ^• 


[ C. P. 1945, ’47. ] 


(„) *>c + £2 + ^.2b{^ + c + « + « + 5 + & -Sj. 

ri ra ra la a 6 o c c J 

8. If a, 6, c are in A. P., show that; ri, ra» ra are in 
H. P. 


4. (i) If ri = ra ^ra +r, prove that the triangle is right- 

angled. [ 0. P. 2946. ] 

(ii) If 8B® =a* +6® +c*, show that the triangle is 
right-angled. 

5. Prove that the ciroum-radius of AOPC > iB. 

6. If S be the area of the in-oircle, 8u Sa> Ss, the 
areas of the escribed circles, then 

■7s-:k*is.*-7^ [0.f.««.] 

7. Prove that ri, rg, ra are the roots of the cubic 

, ^a?®-aJ*(4iJ + r) + 5*af-fs® *=0. 

C CTs# Jfor. 9(i%) and (Hi). ] 
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8. If I be the in-oentre of the triangle ^J3C and w, y, z 
he the oiroum-radii of the triangles IBG, ICA, TAB, show ■ 
that 42?* - i?(ir® +y* + z*)~ xyz •= 0. 

[ it! 2R ffin iil. ] 

9. Show that in any triangle, 

0“Z~Vi(ra+r*) 
b’^K~^ri (ra+Tj) 

c^K'^raJXi. +ra) 

■wliere K^ixata + r ar 1 + r^ra)^. [ 0. H. 1927. ] 

10. If the in-circle touches the sides of the triangle ABO 
in L, ikf, N and if x, Vt z be the ciroum-radii of the triangles 
MIN, NIL, LIM, prove that 

_ MN _ 2r cn$ J 2 I _ »* 1 

sin MIN Jiij 

11. In any triangle, 

(i) (a) if cos A = j-- v~“^» the triangle is isosceles ; 

j sin o 

(b) if 01 be parallel to BC, cos JB + cos C - 1. 

(ii) prove that 

a sin (J5 - C) + 6 sin {C- A) + c sin (4 - J5) — 0. 

[ C. H. im. ] 


12. Given that the sides of a triangle are in A. P. and 
the greatest angle exceeds the least by 90**, shpw that the 
‘sides^are ^/7 + 1 : ^/7 : Jl --1. - [C, H. 1931, ] 


18. If X, Y, Z be the middle points of the arcs JBC, CA, 
AB of the oircum-cirole of the triangle ABC, show that the 
xadius of the circle inscribed in the triangle XYZ is 


4ii sin 


B+0 . 0+A 


sm 


sin * f 0. S. im. ] 

a 



u 
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14* If X, y, z are respectiyely equal to LI, IB, 1C and 
a, j5, y are respectively equal to Ii-i, laB, JaC, show that 


(i) 

ohc s 

/..X bc.ca.ab _ 


(iv) * arc® + Jy ® ® = ahc. 


16. In any triangle the area of the inscribed circle is 
to the area of the triangle as n : cot iA cot iB cot iC, 

L C. P. 1981. ] 

16. If flj, y, z be the lengths of the perpendiculars from 
the circum -centre on the sides a, 6, c, prove that • 


a ^ b ^ c ^ ahc 
X y z 4:xyz 


17. If Z, w, n are the perpendiculars from the angular 
points of a triangle upon the opposite sides a, fc, c, show that 

hi 


JL X 

cab 2B 


18. If in a triangle, 8B - 4r, show that 

4(co8 -4 + cos B + cos C) - 7. 

19. If the diameter of an ex-circle be equal to the peri- 
meter of the triangle, show that the triangle is right-angled. 

[ C. P. 1948. ] 

then the triangle is right-angled. [ C. P. 1949. ] 

21. If in a triangle, cos + 2 cos C : cos 4 + 2 cos B = 
sin B ; sin C, prove that the triangle is either isosceles or 
right-angled. 

22. If px, P 2 * P 9 perpendiculars from the angular 

points to the opposite sides, show that 


ANSWEBS 
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30. The bisectors ol the'angles. 



Let I) and D' be thd points in which the internal and 
external bisectors of the angle A meet the opposite side BC, 
Let X denote the length of the internal bisector AD and x' 
the length of the external bisector AD\ 

Since AABD + AACD AABC, 

ixc sin iA + ixb sin iA = ihc sin A. 


„ . sin A 

* b-hc Bin iA 

* 

fe 4- c sin iA 


Again, since AABD^- AACD^=^ A ABC, 

.* . ix'c sin BAD' - ix'b sin CAD' = A ABC, 

i,e., ix'c cos 44* - ix'b cos 44 = ibc sin 4, 

• / be sin 4 ^ be 2 sin 44 oos ^ iA 

^ ^ c--b cos 44 c-h cos 44 


2be 

c-b 


sin 4A. 


Hence, sin (90*+ii)«*oofl J-4 mi 

1 &SX CAiy «sin (90*-44 )»oo« J4. 
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If y and z denote the lengths of the internal bisectors of 
the angles B and C, and y* and z\ the lengths of the corres- 
ponding external bisectors, it can be shown similarly thc^t 

’'"Is ®®® 5 


’' "Is ’ * "IS ®*" 


2ab 


81. The Medians. 



Let I, m, n denote the lengths 
of the medians AD, BE, CF. Prom 
Geometry, we have 

+ ^0* •= 2UB® + BD®). 
c® + t" = 2(i“ + ia“), 


or, /“ = i(6“+c*)-ia® 

= i( 26 ®+ 2 c*-a®) 

-i(b“+c“+2bc cos A), 


by putting o* = ft* + c® — 2ftc cos A, 

Similarly, m* ■" J(c* + o®) - ift® 

■■i{c*+a*+2ca cos B), 
and n* - i{a* + ft*) - ic® 

■■i(a“+b*+2ab cos C). 


Draw AN perpendicular to BO and let /.ADG — 0. 

DN 1 BN-CN 
2' AN 


Then, cot©-5^-i 


*J(cot B-cot C). 

Again, if /.BAD^ft and A.CAD = V, then by dr&wiug 
peependionlars from B and C on AD, it can be shovm that 

cot 9— i(eot /^^cot y). 
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32. The pedal triangle. 

The triangle LMN formed by 
joining the feet of the perpendi- 
culars AL, BM, GNt drawn from 
Af B, C on the opposite sides is 
called the pedal triangle of the 
AABG, Let P be the ortho- 
centre of AABG, 

Since, Z.® PLBy PNB are 
right angles, the points* P, N, 

B, L are coney die. 

APLN- APBN, being in the same segment 

Similarly, the points M, P, L, G are concydic, 
APLM^APGM 

180 *^- 24 . 



Thus, tho angles ot the pedal triangle are 

180*-2B, 180'-2C. 

Again, einof A* AMN, ABC are similar,’*' 
. MN AN 


BO AC 


= 008 A, 


or, MN ■= a coa A. 

Thus, the tidet of tho pedal triangle are 

a cos A, b cos B, c cos C, 

or, B sin 2A, B sin W, B sin 2C a = 222 sin A, etc.) 


• B, jr, if, C are eonoyolio. Z.AMNmlBIf-’A.NMO •Z.S i 

Z.A is oommon ; henoe the similarity. 


48 


HIGHEE TBIGONOMETRY 


The circum-radiua of the pedal triangle 

** 2 sin MLN 

B sin 2A _ 

“2 sindSO^^-S^) 

Distances of the ortho^centre from the vertices. 

Prom AAGNt AN=h cos A. 

Prom A APN, AN-^AP cos PAN, 

Prom ALAB, cos PAN- cos (90® -B)- sin B, 
b cos A = AP Qin B, 

A ^ cos A AV> _ A 

or, AP = = 2R COB A. 

sin B 

Similarly, BP — 2R cos B and CP»2R cos C. 

Distances of the ortho-centre from the sides, 

= 180® -ZJDPJf-ZC. •/ MPLO is cyclic ; 
PL = PB cos BPL = 2R cos B cos C. 

Similarly, PM — 2R cos C cos A ; PN — 2R cos A cos B. 

Note. In tho course of the above proof, it is assumed that the 
triangle is aouto-anglod. If tho angle A is ohtme^ the ortho-oentro lies 
outside the triangle and it can be easily shown that tho angles of the 
pedal triangle are Sit-lSO**, 2B, 2G and the sides are «a cos A, 
h cos B, c COS C ; the distances of the ortho-centre from the vertices 
are -2B cos A^ 2B cos B, 222 cos C, 

Car. Since APIfM^APLNf PL bisects the angle L, Similarly, - 
PM and PN Idsects the angles M and N, Therefore P is the in-oentre 
of ^LMN, Thus, the ortho-centre of a triangle U the in-centre of the 
pedal triangle. Since BG is perpendicular to 4Xr, it is the external 
|4seotor of ZjkLN ; hence A^ B, C ate the ex-centres of the pedal 
triangle. 
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33. The Ex-central triangle. 


The triangle I1I2I3 formed 
hy joining the three ex-centres 
Ixf ^3 of A ABC is called the 
Etc- central triangle of A ABC. 

Let I be the in -centre ; then 
from tlie construction for finding 
the positions of the in -centre 
and the ex-centres, it ^follows 
that 



(i) the line AII^, BII^, Oils bisect the angles - 4 , B, 0 
internally and the straight lines I^ATst TsBIx, I^CIs bisect 
the angles A, B,G externally. 


(ii) Hence, .dli, BI^, C/3 are respectively perpendi- 
culars to /3/1, /l/2- 


(iii) Therefore, J is the ortho-centre and ABO is the 
pedal triangle of AI^IqIs, Since ABC is the pedal triangle 
of AI1I2/3, we have from the last article, 

il- 180 ** -2/1 


Thus, the angles of the ex-central triangle are 

90^ - iA, 90** - iB, 90** - JC. 

Also, we have, BO or a^I^Is cos Ji [ By Art, 32 , ] 
= IaJ3Cos (90** -U); 

/. a or 2 B sin A-I^ls sin \A, 

Hence, = 2 /^ cos iA, 

Thus, the aides of the ex-central triangle are 

4R COB JAy 4R COB JBy 4R cob 
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84. Nine-points Circle. 

The circle passing throngb the nine points, namely, the 
feet of the perpendiculars drawn from the vertices of a 
triangle to the opi^osite sides, the middle points of the 
sides and the middle points of the lines joining the vertices 
to t)ie ortho-centre, is called the nine-points circle of the 
triangle. 

It is proved in elementary Geometry that tJie centre of 
the nine-points circle is the mid-point of the line joining the 
ortho-centre and the circum-centre\ It follows from the 
definition that the nine-points circle is the circum-circle of 
the pedal triangle and hence it follows from Art. 32 that 
the radius of the nine-points circle of IS.ABC is JJJ. 

85. The Polar Circle. 


Let ABC be a triangle in 
which each side is the polar of 
the opposite vertex with respect 
to a circle of centre O and 
radius p. 

Then, the £^ABC is called 
a self -polar triangle with respect 
to the circle ; and the circle is 
called the polar circle of f^ABG. 

Let the Z.4 of A ABC be 
obtuse.* 

From the elementary properties of poles and polars, it 
follows that OA, OB, OC are respectively perpendiculars to 
BC, and CA and AB produced ; and p® == OA,OI). 

Hence, O is the ortho-centre of A ABC, 

and p® = OAnOD = ( — 2B cos A),2B cos B cos C. 

C See Art, 319, Note ] 

•% - 4R* cos A cos B cos C. 



'An acute-angled triangle in real geometry has no poli^ circle. 
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86. The distances between special points. 



Let P be the ortho-centre, O the circurn -centre, I the 
in-centre, N the nine-points centre and G the centroid of 
AABC. It is known from Gecanetry that the four points 
0, G, N, P are collinear, ON — NP and PQ ; hence 
0P = 30G. 
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Also /LlAr=^/LlAO = i{C-B)* AOAP^O-B. 

AIx 38 the internal bisector of /.BAG and AM" is per- 
pendicular to BG, 

AO = B ; and from Art. 32, AP == 2B cos A. 

From the notes of Arts. 28 and 29, we have 
AI=r cosec iA = 4:B sin iB sin i(7, 

AI^—Tx cosec ^A-4tB cos \B cos ^C. 

(i) T}ie distance between in-centre and ex-eentre. 

Ill = All 

= 4K cos iB cos iO- 4B sin iB sin iG 
= 4JS cos UB + G) 

= 4R sin jA. 

Similarly, l2l"4R sin ; l3l»4R sin ^C. 

(ii) The distance between circum-centre and ortho-centre. 

OP* - OA^ + AP* - 20A.AP cos GAP 

= P* [1 + 4 cos*A ~ 4 cos A cos {B “ G)] 

~ P*[l + 4 cos A {cos A - cos {B - C)H 
= B*[l - 4 cos AjcosfP + 0) + cos (B - 0)1] 

“ R* [1 - 8 COB A cos B COB C]. 

(iii) The distance between circum-centre cmd In-centre. 

01? = AO* + AZ* - 2A0.AI cos lAO 

-E*[H-16 sin* \B sin* jO-Ssin iB sin \G cos i(B“C)] 
= B*[l + 8 sin \B sin i0{2 sin iB sin iC-cosi(B-C)}] 

« LIA 0 - Z.P^C « iA - (90® - C) « i(C - B). 
since 90® « J(.4 + B + C). 

Again, anoe Z.OAB+Z.OB4+Z,AOB, i.c., 2Z.OAB+2O*“lti0®, 
Z.OAB-»90®-0. 

Hence, LIAO - LlAB-’LOAB^iA - (90® - C) «i(C -B). 
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[l - 8 ^in iB sin iC cos i(B + 0)] 

= iJ ® [1 - 8 sin iB sin iC sin i.4] 

■"R® — 2Rr, by formula (7) of Art. 28. 

(iv) The distance between cireum-eeiitre and ex-centre. 

^-AI^^-2A0.AI^ cos OAI^ 

— [1 + 16 cos**Ji? cosmic 

- 8 cos hB cos iC cos i{B- C)] 

= 22 ® [l + 8 sin cos iB cos iC], as above 
■■R* + 2Rri, by formula (lO) Art. 29. 

(v) The distance hctirecn in-centre and ortho-centre. 

/P® =AP^+A1^- 2AP.AT cos TAP 
— 4tB" cos^-4 + 1622® sin^jP sin^^C 

- 16P^ cos A sin \B sin iC cos i{B - C) 

= {cos^il +4 sin®iP sin^iO 

- 4 cos A sin iB sin |C cos 4(B “ 0)K 
Now, 4 cos A sin JP sin iC cos i(P~ CX 

= 4 cos A sin iB sin iC (cos iP cos iC 

+ sin iP sin iC) 

= cos A sin P sin C + 4 cos A sin® JP sin^iO ; 

/. IP®*“4P® [cos®ul +4 sin® iP sin® iC 

- cos A sin P sin (2— 4 cos A sin® \B sin® iC] 
= 4P® [4 sin® iP sin® 40 (1 - cos A) 

+ cos A (cos A - sin P sin C)] 
= 4P® [8 sin® 4A sin® iP sin® 40 

— cos A {cos (P + 0) + sin P sin C\] 
-.2r* -4R® cos A cos B cos C. 

(vi) The distance between ex-centre and ortho-centre.^ ^ 

Similarly, by considering AAIiP, it may be shown that 
I^jP* -2r,“ “4R* <»08 A cos B cos C. 
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(vii) The distance between ill•eentre and nine-points centre. 

Because N is the middle point of OP, 

from AJOP, 2(M* + ON*) = IO^ +IP*, 
or, NI^ = iJO* + JJP* - iOP • 

= iP® - Br + r® — }22® [from {ii), d (v) ] 

= (4B-r)». 

NI-iR-r. 

Similarly, it can be shown thati 

NIi-iR + r,. 

ObB. SincoJ^i is tho radius of the nine-points circlo, tho values 
just obtained for IN and IiN show that the inscribed and escribed 
circles touch the nine-points circle. This is a trigonometrical proof 
of the well-known Femrhach's Theorem. 

Note 1* Alternative method for 01. 

0 being the circum-oentre 
of the triangle ABC^ ODE the 
l)erpondicular on DC bisects it, 
and mooting the ciroum -circle 
at Ef it also bisoci^s the arc 
DEC at E. 

If once, AE bisects the 
angle BAC. Thus, J, tlio 
in-oentre of the triangle, lies 
on AEt where B1 bisects the 
angle B. Now 01 boing joined 
and produced to meet the 
circum-circle at P and Q. 

[•.* op*og-=p] 

OP--n^-'ALIE. 

* * A 

But r oosec * from triangle ANTt where IN, the perpendi- 
cular from I on AB^ is the in-radius r. 
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Again, Z.BIJS«=Z.BAI+Z.ABI«=Z.CAJ<;+Z.JBC 
’=LOBE+L.IBC = LEBI\ 

sin 2 ’ since the ohorii BSin the oircum-oitcle 
A 

subtends an angle BAE “ „ at the oiroumfetenoo. 

Honce, 07“ ■= JR® — r coscc 2 -2/2 sin ^ =7{’-2Br. 

Note 2. In a similar way, if Ii b<^ an ex-oontro which lies on AEf 
it can be proved that 01 ^ 72® + 2/2r, . 

Ex, 1 . Prove that the distance of the nine-pomts centre front A is 
§72 4^1 + 8 cos A sin B sin C. [ 77. 1935, ] 

With reference to the fig. of Art. 36, since N is the mid-point of OP t 
we have 

2(^Ar® + P77®)==^P® + iiO®. i.e., 2iiJ7® + §0P®«ilP® + 40® ; 

AN^^2It^ cos®i + §R®-J(P®-8P* 008 4 cos P cos C) 

= §72® (8 coB®il+2 — 1+8 cos A cos B cos C) 

= § 72 ® [1 + 8 cos A (cos 4 + cos B cos O'] 

= §P® [1 + 8 cos A {cos B cos C - cos (P+ C)}] 

=§P® [1+8 cos A sin B sin C] ; 

AN-^iUjiTs cos A sin B sin C. 

Ex. 2. Jf sin^A + sin^B + sin®C = 1, slmo that the circmi-circlc cuts 
the nine-poMs circle orthogonally, [ C. 17. 1935, ] 

When two oirclos cut orthogonally, the square of the distance 
between their centres is equal to the sum of the squares of their radii. 

Henco, if the circum-circle and the nine-points circle cut ortho- 
gonally, then 

077®«P® + (§P)®=§J2®. ••• ... (1) 

Again, 0J7® =iOP® «§P® (1- 8 cos cos B cos C). — (2) 

Since, Bin*-4+Bin®B+8in®C*2+2 cob it cos B ci^s C, 
hence, the required result follows. 
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Ex. 8. Prove that the in-circle will pans through the ortho-centre if 
2 cos A cos B cos C«(l — cos ^)(1 — cos B)(l— cos C). 

Since the in-oi'rclo paascis through the ortho-centro, IP—r, 
r® = 7P® = 2r® — 4i2* cos A cos B coa C. 

4jR* cos i4 cos B cos C=r® 

= 161?® sin.®J4 sin® JB sin® JC 
= 2/?® (l~co8 cos B)(l — cos 0). 

Ilenre, the result. 


EXAMPLES IV(b) 


1. If Z, wi, n be the lengths of the medians of a triangle, 
prove that 

(6* - c*)Z“ + (c® - + (a® - 6®)n® = (5. 

2« If 07, ?/, z be the lengths of the internal bisectors of 
the angles of a triangle and I, m, n be the lengths of these 
bisectors produced to meet the circum-circle, show that 

(i) cos iil + cos iB + cos iC = 

(ii) I cos ir-4 + w cos iB + n cos iC ~ + 6 + c. 

3. (i) If the internal bisectors of the angles of a triangle 
make angles a, /?, y with the sides a, h, c, show that 

a sin 2a + 6 sin 2j3 + c sin 2y = 0. 

(ii) If the lengths of the internal bisectors of the 
two angles of a triangle be equal, show that the triangle is 
isosceles. 


4. If G be the centroid of the triangle ABC and x, y, z 
be the circum-radii of the triangles BOC, CO A, AOB, 
show that 


- c«) . h^{c^ - a") , c\a^ - h^) _ ^ 


[ 0. i?. 1950. ] 
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5 . If /, g, h denote the sides of the pedal triangle, 
prove that 

(b^ - c^)f (c^ - a^)g (a^ - b^)h ^ 

6. Prove that the in-radius of the pedal triangle is 

2B cos A cos 7? cos C. 

7. If LMN be the pedal triangle and P the ortho- 
centre, prove that ^ 

n + 

AL BM CN 

(ii) + 

be ^ ca ab 4 

where x, y, z are the circum-radii of the triangles MPN^ 
NPLy LPM respectively. 

8. If L, M, N be the projections of the vertices of the 
triangle ABC on the opposite sides, show that 

(i) the area of the triangle LMN 

— 2 J cos A cos B cos G 
= JJ?* sin 2-4 sin 2B sin 20. 

(ii) the perimeter of the triangle LMN 

« 4JB sin A sin B sin C 
A 

“s’ 

9. Prove that the areas of the triangles IiT^Iq, 

I3J1J, I 1 I 2 I are inversely as r, ri, rg, ; and the circum- 
radius of each of these triangles is 21?. [ 0. H, 1937. ] 

, 10 . Show that the area of the triangle formed by joining 
the centres of the escribed circle is 

• • 

or, 8iJ* COB kA COB iB cos iO. 

. 2r 
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!!• Prove that (letters having same significance as in 
Art. 36) ; 

(i) (tt) area of AJOP 

= - sin \{B - C) sin i (C - J) sin i {A- B), 
(b) area of AlPG 

= - sin i{B - C) sin i{C- A) sin i{A- B). 

(ii) = 

(iii) cos A + cos B + cos C = 4f if AIOP be equilateral. 

(iv) If 01=^ OPf prove that S cos + .S cos 24 = 0. 

12 . If t< 2 t tn be the lengths of the tangents from the 
ex-centres to the circum -circle, prove that 



g 4- 
abc 


(ii) — gfec 



[ C. £r. 1984, ] 


13 . If a?, 2 /, z be the distances of the ex-centres of 
a triangle from the in-centre and d the diameter of the 
circum-circle, show that 

xyz-^d{x^ +y^ ’^z^)=^4:d^, [ C, H, 1933. ] 

14 . If Xf y, z be the distances of the nine-points centre 
from the vertices of a triangle and k its distance from the 
ortho-centre, prove that 

a:** + 2^® + 2* + fc® = 3B*. [ 0. E. 1939. ] 

15 . The perpendiculars from the angular points of 
a triangle on the straight line joining the in-centre and the 
ortho-centre are q, r ; prove that 

®i^ A « q sin B ^ r sin (7 

sec B - sec C sec C - sec A sec 4 - sec B 
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16. If the in-centre be equidistant from the oircum- 

centre and the ortho-centre, prove that one angle of the 
triangle is 60®. [ C, H, WSl, ] 

17. If I be the in-centre of the triangle ABC, ID, IE, 
IF be the perpendiculars on the sides Pi, p^, the radii 
of the circles inscribed in the quadrilaterals AEIF, BFID, 
CDIE, prove that 


(i) + 


.P2 

r-p2 


4- 


r-Ps 


s 

r 



18. If a;, y, z be the, lengths of the three internal bisect- 
ors of the angles of a triangle, prove that 

(i) (b + cy ® “ + (c + a)“ + (a + i) » * “ = (a fe + c) * . 

(ii) iA = (b + c)(c + aXa + 6) 

19. If Jo he the area of the triangle formed by joining 
the points of contact of the inscribed circle with the sides 
of a given triangle whose area is J, and Ji, Aq, A a, the 
corresponding areas for the escribed circles, prove that 

(i) 

r Tj, 

(ii) Ax A 2 A Q ^ Aq 2A» 

20. Inside a triangle ABC, lines AO, BO, CO are drawn 
such that Z. OAB * Z OBC = Z OCA = w. 

[ 0 is called tjie Brocard Point. ] 

Prove that • • 

(i^ sin®€D - sin (A - cj) sin (B - w) sin (C - w). 
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(ii) cot 0 ) “ cot A + cot B + cot C. 

(iii) cosec®a) - cosec^X + co9cc®i? + cosec®G. 

221. Perpendiculars AL, BM, CN are drawn from the 
angles A, B, C of an acute-angled triangle on the opposite 
sides and produced to meet the circum -circle in L\ N ' ; 
if LL\ MM\ NN^ be a, p, V respectively, show that 


(j) ® ^ « 2 (tan A + tan B + tan 0). 

a p Y t 


(ii) 


AL' BM' GJr 
AL BM ON 


(iii) l\L*M*N* — SA cos A cos B cos G. 

22. If the circum-centre lies on the in-circle, prove that 

cos A + cos B f- cos 0—^2. [ 0. P. 1951. ] 

23. If = 2r, show that the triangle is equilateral. 

[ G. P. 1940. ] 

24. A circle is inscribed in an equilateral triangle ; an 
equilateral triangle in the circle, a circle again in the latter 
triangle and so on ; in this way (n + 1) circles are described ; 
if r, Xi, XQf.,.Xn he the radii of the circles, show that 

r-Xx+X 2 +Xs + + Xn-i + 2a:«. 

[ For an eqml'iteral triangle J? = 2r. ] 

25. If the distance between the ortho-centre and the 

circum-centre is Ja, show that the triangle is right-angled, 
or else, tan P tan C = 9. [ G. H. 1933 ; P. P. 1931 3 

26. If I be the in-centre and x,y,z the circum -radii of 
triangles P/C, GIA, AIB, then show that xyz -iR\. 

27. If the in-circle touches the sides of the triangle ABO 
in 4i, Bi, Ci,‘ and if Pi, p., pg are the oircum-radii of the 
triunglea BtICi, GiTAu AiIBu prove that 2PiPaf^=Br*. 
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28. The circle inscribed in the triangle ABC touches the 
sides BG^ GAj AB at the points A^, Bu Gi respectively ; 
similarly, the circle inscribed in the triangle jliiBiCx touches 
the sides at A 2 , B 2 , G^ respectively and so on ; if AnBnGn 
be the nth triangle so formed, find its angles and show that 
this triangle ultimately becomes equilateral. 

29. A triangle is formed by joining the mid-points of the 
sides of a given triangle ; another by joining the mid-points 
of the sides of the new triangle and so on. If r, Tn he the 
in-radii of the original and the 7ith of the new triangles 

• 1 

respectively, then will rn = ; and if J?, Bn be the radii of 

circum-ciroles, then will Bn-^i B, 


80. If ar, ?y, z are respectively equal to lA, IB, IG and 
scit Vit are respectively equal to IiA, I^B, I^C, then show 


that 




c-a 


5 -^ = 0 . 

CZj 


[ See Notes of Arts, 88 and 89, ] 


31. Prove that the nine-points circle does not cut the 
circum-cirole unless the triangle is obtuse-angled, 

[ C. H, 1936, ] 

32. ^ If the escribed circle which touches the side a of 
a triangle is equal to the circum -circle, prove that 

cos A = cos B + cos C, [ C, P. 1945, *47, ] 


ANSWERS 

« 8 . . 1.- 1 



CHAPTER V 


PROPERTIES OF QUADRILATERALS 


37. Area of a cyclic quadrilateral. 


Let A BCD be a cyclic 
quadrilateral and let AB = a, 
= CD-c, DA^^d, 

We know from Geometry, 
B + I> = 180^ 

i.e., D = 180®-H and hence, 
sin D = sin (180® - B) 

= sin B ; 

and cos D = cos (180® - B) 

= - cos B, 



Now, quad. ABGD- AABG + AADG 

= iab sin B + icd sin D = i{ab + cd) sin B, • * • (1) 
[*.' 8inD = 8inR] 


Again, from AABG, AC^—a^ +6® - 2ab cos B 

and from AACD, AG^ = c® + d® - 2od cos D 

== + 2cd cos B. 

[ *.• cos D= —cos B J, 


+d^ +2cd cos B = + 6^ ~2a6 cos B. 


2(ai + c(i) 


Hence, sin»B=l-co8®B=l-{®-^^^:^^} 

. Uab + cd)P - (a’‘ + b*-c^- 
Miab + cd)® • 


( 2 > 


, l2(ab + cd\+la* + &® - c* - d®)H2(a& +cd)-(g®+b®-c*-d *)) 

r- ^ -- -- 
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„ {(a* + 6 ” + 2afe) - (c® + d^-^dWc^ + d’‘+2cdi-{a ^ + b^-2ab)] 

^iab + cdy 

^ \(a + br - (c - d)"iKc + d)^ - (a- bY \ 
i.{ab + erf)® 

_ (g + 6 + c - rf)(a + fc - c + rf)(c + rf + a - 6)(c + d-a + b) 

4{g6 + crf)* 

Let a + 6 + e + rf = 2s ; then 

g + fe + c — rf = g + + c + rf — 2rf = 2(s — rf). 

Similarly, « + - c = 2(s — c) ; a + c f cZ - 6 = 2(s — 

and b + c + d — a = 2{s — a). 


Hence, 


sin^i? 


IG Cs - - h)(s - c) (s - d) ^ 

4t{ab + cdY^ 


e,-n 7? - 2 J{s-a)(s - W(.S‘ -cts-d) 
“ (gft + erf) 


(3) 


Substituting this value of sin B in (1), we have the area 
of the quadrilateral ABCD 

“ a)(8 - b)(B - c)(8 - d). 


Note. Tho expression for tho area of a quadrilateral was dis- 
covered by Brahmagupta^ a Hindu Mathematician of the sixth 
century. 

88. The diagonals and cirmm-radms of the cyclic 
quadrilateral. 

Let a?, V be the lengths of the diagonals AG, BD of the 
cyclic quadrilateral ABCD, 

Prom the above figure, ( fig. of Art. 37 ) 

AC^ = a® + 6* - 2ab cos B 


^a^ + b^-2ab 


a^+b^-c^-d^ 


2{ab + cd) , » 
on substituting the value of cos B from (2), 
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d + h^)cd + (c^ f d^)ah 
ab + cd 

yg (ac-f bd)(ad+bc) 
ab + cd 



Similarly, it may be shown that 
2{ad + be) 

^2 (ac-f-bd)(ab4- cd) 
ad+bc 

EVom (5) and (G), = {ac + bd)^, 

•*. xy-ac+bd. 

This is known as Ptolemy's* Theorem. 


cos A ’ 

and y’‘=BD’‘ 


- ( 6 ) 
(7) 


Let p be the radius of the circle circumscribing the 
quadrilateral ABGD ; then it is the same as the cirenm- 
radius of the triangle ABG ; hence 

AG_ 1 f (ab+cd)(ac+bd)(ad+bc) l^ 

“ 2 sin B “ 4 I (a -a)(8 - bXa - c)(8 - d) /’ 

on substitufcing the values of AG and sin B. 


39. Area of any quadrilateral. 

Let S denote the area of the 
quadrilateral ABGD and let AB = a, 

BG = bf GD = c, DA = d. 

By equating the two values 
of BD^ found from the As BAD, 

BGD, we have 

a® + - 2ad cos A-b^+c^- 2bc cos G, 

/. a® + d® = 2ad cos A- 26c cos 0. (9) 

*Ptolemy* A colobratod astronomoi, who flourished in 139 A. D. did 
many researches in Astronomy, Trigonometry and Geometry. 
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Now, S = AABD + ABGD 

= iad sin A + i6c sin C. 

^S^2ad sin A + 2bc sin ... ... (lO) 

Squaring (9) and (10) and adding, 

= 4ia^d^ -Sabcd oos {A + C). ... (ll) 

Let ^ + C = 2a, 

then cos iA + C) = cos 2a = 2 cos^a - 1. 

the right side (ll) 

= ^a^d^ + 46^c^ + Sahcd - 16ahcd cos^a 
“ 4(ad + bc)^ - IGabcd cos^a. 

Plence, from (ll), we have 

16S^ = ^{ad -^bcY-{a^^d^‘-b^- c^Y - l^ahcd cos“a. 

Now, as in Art. 36, it can be easily shown that 
4(ac2 + hcY ~ (a^ + £ 1 ^^ ~ 6* - c^Y 
= 16(s - a){s - h){s - c){s - d ) ; 

S'-l(8-a)(s“b)(s-c)(s-d)-abcd cos®a]^. ... (12) 

Cor. This expression for the area shows that ike quadrilateral of 
which the sides are given, has its area greatest when a=Jir, that is 
where 2a or A+C = Tr ; in other words when the quadrilateral can be 
inscribed in a circle (i.e., is cyclic). 

Note. On putting d = 0 in the formula (12), we got the expression 
for the area of a triangle, since in this case the quadrilateral reduces 
to the triangle ABC. 

Ex. 1. Find the area of a qzmdrilateral which can^ be inscribed in 
one and circumscribed about another circle. [ C, P. 1927. ] 

If the circle inscribed in the quadrilateral A BCD touches the sides 
AB, BCt CD, DA at the points E, F, O, H, then, we have 
AE^AH, BE-^BF, CF=CG, DG--DU. 
AE-^BE+GG-¥DG=AH+BF-\-CF+DH^ ^ 

i.e., AB+CD^BC+AD, or, a+c=6+<i. * 


5 
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Honco, s= J(a+fe+ c+<2)=flt+c=fc+<Z. 

/. s-a = c, s-6 = d, 5-c=a, s-t2=6. ••• (l) 

By Art. 87| the area of the quadrilateral which can be inscribed in 
a chicle is 

^/(s — rt)(5 - b)(s - c)(s - d). 

Hence, substituting the values of s-^a, s-6, s—c, s^-d from (1) 
the required area is equal to Jabcd. 

Ex. 2. AliCD is a cyclic quadrilateral^ the circle having unit 
radius ; o, /3, 7 being the angles subtended by AB, BC, CD at the circum- 
ference^ prove that 

area of ABCD^2 sin ifi+y) sw (7+ a) sin (a + ]8). 

O being the centre of the circum -circle, /LAOB = 2a^ Z./-10C= 2j8, 
jLCOD=2y and so Z..40i) = 2(fl— a~j3— 7). 

Now, area of ABCD= AAOB+ ABOC+ ACOD-hADOA 

= i{sin 2a 4- sin 2/3 + sin 27 + sim 2(7r — a — jS — 7 )}“ 

[ il0 = B0=C0 = Z)0=l here. ] 

*i{sm 2a 4- sin 2/3 4- sin 27 -sin 2(a4*iS4-7)} 
«sin (a4-/3) cos (a — /3)--sin (a4-/3) cos (tt + /34-27) 
= 2 sin (a 4-/3) sin (a 4- 7) sin (/34-7). 

40. Circum-radiuBy In-radius and area of a regular 
Polygon. 

(i) Let 0 be the centre 
und B the radius of the circle 
circumscribed about a regular 
polygon of n sides, of which 
AB{-a) is one side. Join 
Oil, OB. 

Draw OM perp. to AB ; 

then AM=BM-= “ • 

ZilOM=iZlOB= 1-^- -■ 

2 n n 

R =■ Oil = -4ilf oosec AOM - „ corac (l) 

A n 



PBOPEETIES OP QUADBILATERALS 


67 


(ii) 0 being the centre and r the radius of the circle 
inscribed in the regular polygon of n sides, of which AB 
( = a) is one side, 

AM=‘BM=y,> 

A 

and /^AOM=\Z^AOB— ~ as before. 

n 

t=^OM=AM cot 40M= |cot-- ... (2) 

A n 

(iii) Area of the poison = ?j x area of AAOB 

= n.iAB,OM= n.ia, ~ cot ^ 

2 n 

Substituting the value of a from (l) and (2) in (3), 
area is also = -" sin ^ ... (4) 

ja fb 

and ==wr®tan^** ... ... (5) 

n 


EXAMPLES V 

!• Show that the area of a quadrilateral is equal to 
half the product of the two diagonals and the sine of the 
angle between them. 

2. If y be the diagonals of a quadrilateral and a the 
angle between them, show that 

2xy cos a = (a® + c®)‘^(6® + cZ®). 

8. Show that the area of a quadrilateral whose dia- 
gonals are x^ y is 

- (a® + c* - 6 “ - [ P. H. 1936. ] 

4. If B be the angle between the diagonals of a quadri- 
lateral, show that the area is *• * 
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5* If p be the radius of the circle which can be ins- 
cribed in a cyclic quadrilateral, show that 


2 Jah cd ^ f abed 1 

a + b + c + d l(a + c){b + d)} 


[ P. H. 1934. ] 


8. Show that if a quadrilateral of given sides be such 
that a circle can be inscribed in it, the circle is the greatest 
when the quadrilateral can be inscribed in a circle. 

7. If a quadrilateral circumscribes a circle, prove that 

45 ® = - (ac - bd)^. 

8. If AB, BG, CD are three sicies of a quadrilateral of 
lengths a, b, c respectively, and if AABC^a^ ALBCD=^p and 
the angle between AB and DC produced is y, prove that 

AD^ = a® + 6® + c® — 2ab cos a — 2bc cos j3 — 2ca cos V. 


9. Show that the area of a quadrilateral which is 
circumscribed about a circle is Jahcd sin a,' where 2a is the 
sum of a pair of opposite angles. 

10. If 9 be the angle between the diagonals of a cyclic 
quadrilateral, show that 


sin 0 = 


2 ^/(s " a)(g - h)[s - c)(.s - d) 
ac + bd 


If the same quadrilateral can also be circumscribed 
about a circle, prove that 


cos 0 


ac^ bd^ 
ac-i-hd 


11. If the diagonals of a cyclic quadrilateral ABCD 
intersect at 0, show that 

OA_ OB _0G OP 
D~A:AB “ AB,BG “ BG.CD ^ GD.DA ' 


12. If p be the radius of the 
quadrilateral whose area is S, then 

S _ S S_ _ 


- ' 


circle inscribed in a 


8 


a + c 


13. 

that 




{(a + c){b + d)r 
If* Ae quadrilateral ABGD is circumscribable, prove 
Jab sin iB - Jed sin \D. 



PBOPEETIES OP QUADRILATEBALS 


69 


14. A diagonal of a quadrilateral makes angles a, P with 
the sides at one of its ends and angles y, d with the sides at 
the other end, the angles a, y being on the same side of the 
diagonal. If 0 be the angle between the diagonals, show that 

tan 0 ^ ^ ^ ^ ^ ^ ^ 

cot a cot d'^cot p cot y 

16. A quadrilateral is such that it can be inscribed in 
one and circumscribed about another circle. If jR and r be 
the circum-radSus and in-radius of the quadrilateral, and x 
the distance between the centres of these circles, show that 

r" {B + xr^{B-a;r 

16. A quadrilateral is formed of four jointed rods of 
lengths a, 6, c, d. If the area of the quadrilateral when the 
angle between a, b is a right angle is equal to the area when 
the angle between c, d is a. right angle, show that 

ah-cd, or, a® = 

17. If an equilateral triangle and a regular hexagon have 
the same perimeter, prove that their areas are as 2 : 3. 

[ C. P. 1941, ] 

18. Prove that the areas of two regular polygons 
of n sides and 2n sides and of equal perimeter are as 

n ^ 7t 

cos cos 
n 2n 

19. (i) Two regular polygons of n sides are respectively 
circumscribed about and inscribed in a circle. Prove that 


their areas are as 1 : cos^ ~ • 

n 

(ii) If -pi, p 2 » Ps be the perimeters of the circumscrib 
ing polygon, the circle, and the inscribed polygon, then 


Pi :p2 :P3 = sec 


n 


n n 

- cosec - 
n n 


1 . 


20. If Tfi and Bn denote the in-radius and curaum-radius 
of a regular w-gon of given perimeter, prove that 

(i) 2r^n = rn + Bn. 

(ii) B^ 2n'~' BnT 2n* 
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Solve {Ex. 1 to 9) : — 

1. cos X + cos 3® + cos 5® + cos lx == 0. 

2. 2 cos X cos ?/ = 1, tan x + tan y = 2, 

3. cos 3® + 3 sin 2® = 3 cos x. * 

4. cos^a sec X + sin^a cosec x=l, 

5. tan X + tan (a; + a) + tan (x + p) 

= tan X tan {x + a) tan (x + p). 

6. tan {x + b) tan (a? + c) + tan (x + c) tan (x + a) 

+ tan (x + a) tan (x + b)- 1, 

?• tan 0 = sin 3<^, sin 6 = tan 3<f>. 

8. cot 0 tan 20 - tan 0 cot 20 = 2. 


9 . p Bin^O'- q 

p 008^5 - q coB^tp = q. 

10. If tan ax - tan bx ~ 0, show that the values of x 
form a series in A. P. 

Prove the following relations (Ex. 11 to 16) : — 


11 . 


tan"^ 


( a cos 6 
1 “ « sin 0, 


cot’*’^ 



12. tan""^ + tan tan o) = 0. [C. P. 1949.] 

5 + 3 cos 20 \ 4 / 


13. 

14. 


t^ X + y_ 

1 + tan X tan y 

008-1-*??-® ®±«55JL. 
1 + cos X cos y 


i sin"^ 


sin 2a? + sin 2y 
1 + sin 2a; sin 2y 


“^|tan|l 


[ d P. 1946 . 3 
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15. cosec» (I tan- ^ ® \ sec® (| tan"^ | ) 

16, 2 cot"^ 5 + cot“^ 7 + 2 cot""^ 8 = \n, 

t7. If sin®® + sin®!/ then show that (2w + l)i7r is 
one of the values of z which satisfy the equation 

2 = sin”^ ^sin x + sin y) + sin~^ (sin x -* sin ?/). 

18. If tan"^p + tan'^Q' + tan“^r = in, show that 
qr + rp+pq-1. 


19. If cos”^ -- + cos'^ r ~ 0, then show that 

a o 

”2 " cos 0 + = sin®0. [ 0. IL 1943. ] 

0/ Cbu o 

20. Solve: (i) cosec“^®~cosec"^a + oo8ec‘’^6. 

(ii) cos“^® + cos“^ 2x = in. 

[ In the follov)ing examples in the properties of a triangle, letters 
have the same significance as in the preceding Articles. ] 


21. If ®, y, z are the distances of the ortho-centre from 

A, B, G respectively, show that a® + = 6® + = c® + a?®. 

22. If p, q, T denote the sides of the then 

r Ai . .c^ ,2ahc . 

show that -a + "2 + -2 + = 1- 

V Q. T pqr 

23. Show that in a triangle 

2&C + 2ca + 2ab c® = 4r® + 162Jr, 


24. If X, y, z be the ratios which the sides a, b, c of 
a triangle bear to the perpendiculars on them from the 
opposite angles A, B, 0, thdh 17®® - ^Syz + 4 = 0. 
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25. Prove that the in -radius of A I 1 I 2 IB is 

2jR lain iA + sin iB + sin iC - 1}. 

26. If TG be parallel to BG, show that ri = 3r. 

27. Prove that 


(i) 

(ii) 

(iii) [3-2^^008-4].. 

(iv) 07“+0/i® + 012 "*+ 0 / 3 ^= 121 ?®. 

(v) AI^ + AI^'^^AI^^+ATs^ = UB\ 

(vi) NA^ +77^" +iSro" - E" (V- + 3 cos A cos B cos C). 

(vii) NI + NJ\ + NT 2 + NTs - GB, 

(viii) Aa‘^ + BG^ + 00^ - iB^ (1 + cos A cos B cos 0). 


28. If AP = rt prove that the circum-circle cuts the 
escribed circle opposite to A orthogonally. 

-n i, . 2 A4BC a cos A + h cos B + c cos 0 
AIiUTs a + b-^c 

30. The internal bisectors of the angles of a triangle 
ABC meet the opposite sides in E, F ; show that the 
2Aabc 


area of ADEF- 


{b + c){c + a)((i + b) 


31. DEP is the triangle formed by joining the points of 
contact of the in -circle with the sides of ^ABC ; prove that 

(i) its sides are 2r cos iA, 2r cos 4B, 2r cos iC. 

(ii) its angles are in- iA^ in - iB, in - iC. 


(iii) its area is 


2 B 


82. If P,,Pi, p 2 » Pa are the in-radius and ex -radii of the 
P€^al triangle, then 


PiP9f^8„rrit€.3. . 
P JS® 
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33, A straight line AD drawn through A meets the base 
BG in D ; 

if BD : CD = m : n and if A.BAD — a and Z.GAD-P, and 
if Z ADB - 0, then show that 

(i) {m 4- n) cot 6 = 7i cot j3 - w cot a. 

(ii) (m + n) cot 0 = m c(»t C-n cot B, 

(iii) If D be the middle point of BC, show that 

cot a - cot p = cot B - cot C, [ C. II. 1936. ] 

*34. If the medians of a triangle meet the opposite sides 
in Z>, 77, Fj and if G be the centroid and if the angles BAD, 
CEE, AGF are 0, </>, y> and the angles GAD, ABE, BGF 
are 0', </>', v', prove that E oot 0-E cot O'. 

35. If a, b, c, d be the lengths of the four sides of 

a quadrilateral and if 0 be the angle between their diagonals 
and if a® + =■ + d^, show that 0 ~ 90^ 

36. If pi, Pa* Pa* Pa be the perpendiculars from the 
angles of a quadrilateral upon the diagonals x, y, and if 0 be 
the angle between the diagonals, show that 

e = {(Px +P Jp, +P*)}^ [ p. jgsa j 


37. 


If ABGD be a cyclic quadrilateral, prove that 


tan® 


^ ^ (g ~~ ~~ b ) 

2 (.9 - cK-s - d) 


38. If 0 be the angle between the diagonals of a cyclic 
quadrilateral, prove that . • 


• tan® 


0 

2 


(a - b'js - d) 
(s-o)(»- c) 


> or, 


(■s-aXs-c) 

is-bXs-d) 
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ANSWERS 

1. (2n4-l)^ or (2n+l)-“ or (2n+l)^-‘ 2. — — 

«. nir+l^nn + (-irl- 

4. 2»Mr + a anil «ir — a + ( — 1)"”^ sin“' (sin a cos a). 

6* J(nir — a — ^). 6. ^{nir+ Jir— (rt+6-f c))-* 7. 0 = ?i7r, 0* Jm^r. 

a (2n+l)^- «. 8 = ; ^ = cos-‘ 

nb 

N/a>-l+ 


10 . (i) 


(ii) ±i- 



CHAPTER VI 


COMPLEX QUANTITIES 

41. Complex Number and its Geometrical repre- 
sentation. 

A quantity of tlae fonn a + tf), wherea and h are real 
quantities, and == - 1#, or, i— J-l is called a coynplex 
qyiantity. If ?> = 0, the quantity is purely real, whereas 
if a“0, the quantity is purely imaginary. A complex 
number is therefore the most general tyi)e of numbers 
wliich includes as special cases, purely real and ])urely 
imaginary numbers. 

The complex quantities a + ib and a-vT) are defined as 
conjugate to one another. 

The complex number a -h /fe can be zero only when a and 
h are both zeros. 




y' 

In order to represent a real number geometrically, 
a straight line XOX (called the real axis) is taken with 
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a fixed point 0 on it chosen as origin. A definite length OA 
measured along OX being taken to represent unit, a real 
number x is represented by a point N on OX such that 
ON 

" flj. If £c be negative, N is to be taken to the left of 0, 

and if positive, to the right. Thus, all real numbers will be 
represented by points on the straight line OX, i.e,, in one 
dimensional space. 

For geometaioal representation* of complex numbers of 
the type which involve two independent variables 

X and y, we naturally require a two-dimensional space. Let 
XOX* and YOY^ be a set of rectangular axes in two-dimen- 
sional space, where XOX! may be taken as the real axis. 
To represent a purely imaginary number \y\ we notice that 
if we take a line OM along OX to represent the real number 
2 /, then i.iy, or, i^y^-y will be represented by an equal 
length along OX'. In other words, to represent i^y we 
simply rotate OM (representing the real quantity y along 
OX) through two right angles. Multiplication by i twice 
successively amounting to a rotation through two right 
angles, it is naturally suggested that multiplication by i once 
would be best represented by a rotation through one right 
angle. Thus, to represent a purely imaginary quantity iy, 
the best way should be to mea&uie off the real quantity y 
along OX, and then turn it through a right angle, so that 
represented by taking a length OM ( = y) along OF, 
wdiich is called the imaginary axis. 

A complex number z^x + iy being given, if a point P in 
the plane of the axes XOX', YOY' be taken with Cartesian 
co-ordinates x, y, then P corresponds uniquely to the 
number z and is called the point z which it geometrically 
represents. Thus, corresponding to every given complex 
quantity, there is a unique position of the point P which 
represents it, and conversely every point in the plane repre- 
sents a definite complex number. In particular, points 
on the a?-axi^ tforrespond to purely real numbers, for which 
y is zero, and points on y-axis to purely imaginary numbers, 
for which x is zero. 
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The figure containing the real and imaginary axes, in 
tlie plane of which complex numbers of the form 'z* are 
geometrically represented as above, is called the Argand 
Diagram^ and the plane is spoken of as tlie z- plane. 

42. Modulus and Amplitude* 

Let r, B be polar co-ordinates of P wJiich represents 
a complex quantity z^x + iy^ so that r is the positive 
values of OP, and B is ttie vertical angle XOP, traced out 
by a radius vector wliich revolves either positively or 
negatively from the initial position OX till it coincides 
with OP. 

Then, r or 0P= + is called the Modulus of z 

and is written as mod. or | 2 ; | ; 0 is called tlie Amplitude 
or Argument of z and is written as amp. z. The amplitude 
can evidently have an infinite number of values differing 
from each other by complete multiples of 2n, The value 
which satisfies the inequality 

"■ <! 0 < n 

is called the Principal value of amp, z. 

Unless otherwise mentioned, by amplitude of a complex 
number we mean its princijial value. 

Since x — r cos B,y = r sin B, we evidently have 
z-x-\-iy-r (cos 0 + i sin B) 

■* [ See 59 ] 

an equation which expresses the complex quantity z in 
terms of its modulus and amplitude. 
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43. Addition and subtraction of complex quantities. 



Zi, =• Xx + iVx and resi^ectively. 

Complete the paralleoj^ram OP1PP2 with OPi and OP 2 
as adjacent sides. Then since the projection of OP on any 
line is equal to the alf^ebraic sum of the projections of OPi 
and PiP, i.e,. of OPi and OP2, it is evident that the co- 
ordinates of P are X1+X2 and y 1+1/2 respectively. Hence, 
P represents the complex number (x^ +X2) + i{yi +V2)' 

But, Zx+Z2=^0Ct+ iyx +X2+ iy2 

= (®i+®a) + %!+?/*)• 

Hence, the point P which is the extremity of the diagonal 
of the parallelogram having OPi and OP^ as adjacent sides 
represents the sum of the two complex numbers represented 
by Pi and Pg in Argand’s diagram. 

A comple^ number z — x + iy being represented by a point 
-P (sp» y)» the number -x-iy will be represented by Q, 
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(-a?, “?/) which is clearly the diametrically opposite point 
of P, obtained by producing PO through 0 to Q, making 
OQ=^OP. 

Now, subtraction of two comi>lex numbers stj. and 
may be treated as the addition of the numbers Zx and 
according to the parallelogram law as before. It can now 
be easily geometrically verified that 

if Z — ZX-Z 2 , then H-sfa* 

or, , 

With reference to addition and subtraction of complex 
quantities, two very im])ortant tlieorems are of great practi- 
cal importance. 

I' l^heorem L The modulus of the mm of any number of 
complex quantities is less than or at most equal to the sum of 
their moduli. 

In otlier words, 

Ui+2;2 + *-*+2r„| < l + Ua I +•••+ U^l. 

Proof. Since from geometry, OP OPx +P^P 

i.e.t ^ 02^1 + OP 2 , where P represents the sum of 
the complex numbers represented by Pt and Pa, it follows 
that 

\ r^i^ + Zal ^ \ Zi. \ + I Z2 I. 

In the same way, 

\ Zx ^2 ^3 I ^ ^ ^ I ^2 ^ 1^3! 

< Ui I + Ua I + Ual. 

Similarly, 

Ul +«2 + + -?n I < Ui I + U2 I + + I J?fi I. 

*If OPi and OP 2 be in the eamo lino, OP^OPi + OP,*, 
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Theorem II. The modulus of the difference of two 
complex quantities is greater tlian or equal to the difference 
,cf their moduli^ 

t.e., I Sj -Z2 I ^2 

For, if I > U2 i » 

I = I < i + U2 I. 

Hence, I jsfi - ^^2 I > I I ~ I ^2 I* 

Similarly, for the case \ \ > \ I 

44 . Multiplication of complex quantities. 



Let 2?! and 2^2 be two complex quantities, which express- 
ed in terms of their moduli and amplitudes, are 

—^1 (cos 63, + i sin 0 i), Zq (cos +i sin Oa)* 
Now, the product of two complex quantities is defined 
in such a way that it follows the ordinary rules of multi- 
plication in' Algebra subject to the condition, - 1 . 
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z^ZiZ2-ryr2 (cos + ? sin fliXcos sin B^) 

= rir2 [cos (61 + 02) + ^ sin (^i+Og)]. 

Similarly, if z^ ^2* l^c any number of complex 

quantities, their product will be a complex quantity given by 

= = (cos 0 ^+i sin 0j)(cos 63 +?‘ sin Og) 

(cos On + i sin On) 

= rir2...rn [cos (Oj. +02 + ••• +0n) + « sin (0^+02 + **• +0n)] 
= B (cos © + 7* sin 0).f 
where B = /ir 2 . • .rn 

©-0i + 02 + ---+0n. 

Thus, 

(i) the modulus of the product of any numher of co 7 nplex 
quantities is eqml to the product of their moduli ; 

{ii) the amplitude of the product of any numher of 
complex quantities is equal to the sum of their amplitudes 
(or differing from it by multiples of if we consider the 
principal values in all cases). 

To express geometrically the operation of multiplying 
one complex number Zi, represented by the point Pi by 
another Z2 represented by the point Pgi we see ttuit if 
P represents the product 2; of and j^a, then its modulus 

OP ^ OP OP 2 

and ZPOX« ZP1OX+ ZPgOX 

Now, if OA be taken along OX to represent unity, we get. 


OP 

OP2 


OPx 

OA 


and 


ZP0p2 = ZPi0.1. 

* 1 " 


Thus, the triangles POP2. PiOA are similar. 
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Hence, to get the product of the two complex quantities 
represented by and Pg, take OA along OX to represent 
unity and on OPg construct a triangle POPg similar to 
PxOA. Then P represents the required product. 

Another way is to turn OPg through an angle Pi OX, 
and then alter its length in the ratio OPi : 1, whereby OP 
will be obtained, representing the product. 

Cor. A real quantity may bo taken as a complex quantity of 
amplitude zero, of modulus equal to its magnitude. Honoo, multipli- 
cation of a complex quantity by a real number h means simply 
a change in its modulus in the ratio k : 1, without altering its 
amplitude. 

r 

45. Division of one complex quantity by another. 

The complex quantities ;s:i =ri (cos 0^ + i sin 0i) 
and afg *r 2 (cos 0a sin ©g) being given, their quotient 

z I “ p(cos 6 + i sin 0) is a complex quantity which when 

multiplied by gives jJi. Hence, from the above article 
pr 2 =ri and 0i = 0 + 02 , 

i,e,t 0 = 01 — 02 

and s ^ [cos (0i - 0a) + ^ sin (0i - 0a)]. 

Thus, the modulus of the quotient of two cofnplex quanti- 
ties is the quotimit of their moduli and the amplitude of 
the quotient is the difference of their amplitudes (or differing 
by 2n). 

Cor. As a particular case, the reciprocal of a complex quiftitity 

2 is '^ whore j amp. as can bo vorifiod 

easily, reniemliofing that the real number 
1« l.(cos 0+i sin 0). 
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46. De Moivre*s Theorem. From Art, 44, in follows 
that if n bo a positive integer, 

(cos 6 + e sin ©)” being tlie product of a complex number 
of modulus unity by itself 7i times in succession 

= cos (d + 0 ^ — 71 times) + i sin (0 + 0 + • • • n times) 

= cos n0 + i sin nO, 

which is De Moivre’s theorem for a positive integral index 
L see Art. 48 J. We can extend it to the case of any real 
index with necessary modification. 

As multiplication by a complex quantity of the type 
cos 0 + // sin 0 w'ith modulus unity means a rotation through 
an angle 0 [ see Art. 44 above j, De Moivre's theorem for 
a positive integral index after all expresses algel)raically the 
geometrical fact that to turn a line through the same angle 0, 
n times successively, has the same effect as turning the line 
through an angle nO. 


47. We conclude with two very important theorems 
on the functions of complex numbers. 

Theorem 1. Ajiy rational function E(z) of a complex 
variable zi^x + iy) can be reduced to the form X+iY where 
X and Y are rational functions of x and y with real co~ 
ejficients 


Proof. Any rational function B{z) by xlefinition of 
a rational function, is reducible to the form where P{z) 


and Q(z) are polynomials in z. A polynomial in z consists 
of terms containing integral pow^s of z with constant oo- 
eflScients (which may be real or complex). Now, — (a? + iy)^. 
for positive integral values of n can be reduced to the form 
A4-iB, where A and B are rational functions of x^and y, and 
this when multiplied by any coefficient, real or complex (of 
the form a \ib), retains the same form. Thus, P(z) and Q(z) 
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ultimately rccluoo to the forms A + iB and C + iD, where 
A, B, C, D are rational functions of the real quantities 
X and y. 


Thus, B{z) 


P(z) A + iB U + iBtG-iD) 
Q(z)""a + iD’° G^+D'^ 


AG+BD, . BG-AD 
" * G‘+D'‘ ' 


Theorem 11 . If B{x + iy) = ^+iY, where B is a rational 
/unction of the complex quantity x + iywith real coefficients, 
then B{x- iy) = X- iY. 

Proof. It is clear that + where n is a positive 
integer, is reducible to the form A-^iB where A and B are 
rational functions of the real quantities x and y, and replac- 
ing iy^ by -yi/, we easily see that will reduce 

to -4 - iB, This continues to be true even if there be any 
real coefficients with (x + ty)”'. Thus, every term in any 
polynomial in x + iy with real coefficients will reduce to 
the form A-htB, and the corresponding term of the same 
polynomial in x^iy will reduce to ^ - iB/' 


Hence, any polynomial in x + iy with real coefficients 
’being always reducible to the form A 1 + 7 B 1 , the same poly- 
nomial reduces to - iB^, when t is replaced by - ?. 

+ ii/) ^ where P and Q are polynomials 
which are in this case with real 
+ iy) coefficients. ] 


Now, + = 


A + iB_AG + BD , .BG-AD 
C + * C* + JD* 


[<Mtn Theorem I ] 


and i? (a; - iy) 


P{x^ iy) ^ Aj^iB 
Q(x-iy]^C-iP 


[ from what has been 
stated above ] 


'This is not true if the ooeffioients are oomplez. 
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(AziBjG + iD) AG + B D .BC-AD 
C® +“D® “ C® + ® * C® + 

= X-iY. 

Hence the theorem. 


EXAMPLES VI 

1 . Show that the representative points of the complex 
numbers 1 + di, 2 + Tz, 3 + 10^‘ are collinear. 

2. Prove tliat • 

(re + 2/ + ^)(x + yo)^ + zco){x + yco + sm^) + 3xy2j 

^vhere co == i( ” 1 + * v 3). 

8. Express the following in the form X-^iY, where 
X and Y are real numbers. 



where a and h are real. 



Avhere z = x + iy and a, P, */, d, a:, y are real quantities. 

4 . Prove that 

|a + />r + |r/.-M^ = 2{|ar + IM"l, 

wdiere a and h are any tw'o complex quantities. 

Deduce that 

I a + 1 + U “ l“U+ ^vl + la-fel. 

‘5. li Zx auA ^2 are the roots of a;?* + 2/3A + y = 0, then 

Ui I + U 2 I = j""| + \/ayl + l“i5” Jay I }• 

jNSWJsirs 

a fi\ _i fit\ -b^) f.::\ + + M + + 

1* W hu) 
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DE MOIVRE’S THEOREM 

48. Do Moivre’s Theorem." 

For all real values of n, eos nd+i sin nO is a vaule of 
(cos 0 +1 sin oy. 

Written more fully, the theorem stateR that n he 
integral, poaitive or negative, thenmlue of ( cor d + 1 sin d)^ is 
cos nO + i sin n 6 ; if n be a f raction, posit ive or negative, one 
of the values of ( cos O + i sin 6 )*^ is cos nO + i sin 7 id (the total 
number of values being equal to the denominator of n)”. 

Case I. When n is a positiTe integer. 

By actual multii)lication, we have 

(cos Oi + i sin 0 J(cos ©a + « ^2) . 

-cos di cos 0a - sin 0i sin 03 

+ i (sin 01 cos 02 +cos 0^ sin 
= cos (0i + 02) + i sin (0i+03). 

Similarly, 

(cos Oi + i sin 0 i)(cor 02 +i sin ©aXcos 08 + ?’ sin 63) 
{cos { 0 i + 03) + i sin ( 0 i + 02){(co8 08 + i sin 03) 

= cos (01 + 02 + 03) + i sin (0i f 02 + 03), as before. 

Proceeding in this w’ay, the product of the n factors 
(cos 01 + * sin 0iXcos O^+i sin 03)- • -(cos 0» + i sin 0n) 

= cos (0 1 + 02 + • • • + 0^) + i sin (01 + 02 + • • * + 0n). 

*Giillod after the name of its discoverer AbraJiam de Moivre 
(1667-1754), who was of French descent but who settled in T>ottdon 
where he gaVe lessons in Mathematics and ranked high as a Mathe- 
matician. 
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Put in this identity 0 1 = 6 a = • • • = 0» = 9. 

Then, we have 

(cos B + i sin O)” = cos nO + i sin nO, 
Case II. When n is a ne^^ative integer. 

Let 71 = - ?7i, then m is a positive integer, and 

(cos 0 + « sin 0)" = (cos 0 + 1 sin 0)"*” 

\ 

1 




(cos 0 + i sin 0)*” 

^}r -. -• [by Casf/] 

COS mO + 1 sin m0 

cos 7/i0 - i sin 7W-0 


(cos mO + i sin 77i0)(cos mO “ i sin mB) 

^cos 7»0— j sin mB 
cos** 7?i0 + sin® mB 

~ cos mB — i sin mB 

=* cos ( — m)B + i sin ( - m)B 

= cos nB + i sin nB. 

Case III. When n is a fraction, positive or negative. 

Let ^ ^ ' where g is a positive integer and p is any 


integer, positive or negative. 

Now, I 


/ 0 ^ . 

0 ^ 

i® / • • 


Icos " -ri sin 


1 = cos 1 (p I + * sm 

U") 

\ Q 

Ql 

^ \ q f 

\ qf 


[by Caw JT] 


= cos B + i sin 0. 

. taking the gth root of both sides, 

0 0 v* ^ 

cos ~ + i sin - is one of the vaUies of (cos 0 + i sin 0)® * 
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Raise each of these quantities to the pth power. Then, 

ft 

one of the valuer of (cos 6 +i siu 


/ 0 , ey 

I cos - + 4 Sin ” I * 

V q ql 


t.e., 


‘ cos + i sin [ by Case I ani Case II ] 


Hence, one of the values of 

(cos 6 + i sin O)”’ is cos nB + i sin nO, 


Thus, the theorem is completely established for all 
rational values of n. 

' Note. Even if n bo irraiionalt cos ntf +* sin nO is one of the values 
of (cos sin tho total numlicr of dillerent values in this case 
being indnito. Tbo proof depends on tlio fact that tho irrational 
number n can lie defined in an indefinite number of ways as tho 
limit of a convergent sequence of rational numbers. Boo Hobson’s 
“Plano Trigonometry” and Hobson’s “Theory of Functions of a Real 
Variable”, 


Cor. (cos 0 — i sin 0)" « cos nO - i sin * (cos 9 + i sin 
(cos ?w 0 + i sin fnOj” = (cos $ + i sin 6)”*". 

Ex. 1. Show that 

(ros iie + i sin 20)*.(cns H0 — i sin ^ - 
(cos sin 3f/)‘*.(co8 40 +i sin 40)"* 


Wo have, 

(cos 20 + i sin 20}® * (cos 60 +i sin 60) « (cos 0+i sin 0)®. 
(cos 30 -i sin S0)^<=cos 120— i sin 120=*(oob 0 + i sin 0)’'®. 
(cos 30+i sin 30)**oos 60 + i sin C0«(cos 0+i sin 0)®. 

(cos 40+i sin 40)“®=cos 120— i sin 120 = (co8 0+i sin 0)“^*, 
. . (cos 0+i siin 0)®.(oo8 0+i sin 0)'^^ - 
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Ex. 2. If sin a+sin j3 + sin 7 = cos a+cos /3+cos 7*0, 

prove that cos 3a + cos 3)3 + cos 37 = 3 cos (a + j3 + 7 ) 
sin 3a +sin 3/3+ sin- 87 *= 3 sin (a + ^ + 7 ). 

It is known from Algebra tliat, 

ifa + 6 +c« 0 , then rt.* + fi* + c® ** 8 flZ»c. 

Let a = cos a+i sin a, 6 =cos )3+i sin /3 and c = cos 7 + i sin 7 , so 
that wo have 

a+ 6 +c--S cos a + i^ sin a = 0 , by the given condition. 

(cos a + i sin a)® + (o03 ^ + i sin )3)® + (cos 7 + 1 sin 7 )* 

= 3 (co 3 a + i sin tt)(cos /3+i sin ^)(cos 7 +i sin 7 )* 

by Do Moivro’s Theorem, 

(cos 3a + cos 3/3+ cos 87 ) + i (sin 3a + sin 3/3+ sin 87 ) 

*= 3 cos (a +/i + 7 ) + 3i sill (a + /3 + 7 ). 

Hence, by equating the real and imaginary parts, the required 
results follow. 


49. Extraction of any assigned root of a complex 
quantity by De Moivre^s Theorem. 

In the previous Article, it has been shown that 

cos - + i sin - is one of the values of (cos O-^i sin O)^ I the 
Q Q 

other values can he easily obtained. Since, the expression 
cos O + t sin 0 remains unaltered if for 0 we put 0 + 2rn, 
where r is any integer, it follows that 

1 1 

(cos 0 + z sin 0 ) ^ “ [cos (2m + 0) + e sin (2m + 0)]® . 


Since one of the values of the right-hand side quantity is 


cos 


2m + 0 


+ i sin 


2m 4*0^ 
Q 
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by giving to r in succession, the values 0, 1, 2, 3,... 
[q - 1), we see that each of the quantities 


0 

^ . 0 

cos 

+ 1 sin 

q 

q 

2:i + 0 . 

. 271 + Q 

cos + l 

sin 

q 

q 

4^1 + 0 , 

4;i + 0 

cos + l 

sm ’ 

q 

q 


(A) 


2((/ “ l)^ + 0 . . . 2((/ ~ l) f 0 
►s + ? sm 


is equal to one of tlie values of (cos 0 + ? sin 6)®. 

If values greater than (</- l), (z, </ +1, (/ ^2,... be 

given to r, then we woiiJd get the same quantities already 
obtained in (A) repeated over and over again. Also no two 
of the quantities in (A) are the same, for no two of the 
angles involved tlierein can have the same sine and the 
same cosine, since, no two of these angles are equal, nor 
do they differ by a multiple of 27i. 

Thus, by giving to r in succession, the values 0, 1, 2, 3,... 
in the expression 

2rn + 0 . 2rn + 6 

cos - — + 2 sin 

q Q 

1 

q, and only q different values for (cos 0 + i sin are 
obtained. 

This theorem may be usefully employed in extracting 
any assigned root of any quantity by putting it in 
Pe Moivre's fonii, that is, in the form cos 0 + ? sin 0. 

•It inaj^b6 easily soon that any q conseoutivo integral values may 
be given to r when the eamo set of values occurring in a different order 
will be obtained frr the expression. 
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60. To put x+iy in De Moivre^s form. 

Suppose x-^iy-r (cos 6 + ? sin O) ; 
then, equating real and imaginary parts, we have 
rcosO-^ir, ••• ••• (l) 

rsinO = ?/. ••• (2) 

Squaring (l) and (2) and adding, +7y®. 

(3) 

(4) 

(5) 

U; i = cosu + «sinu 

(2) - 1 =“ cos 7t + i sin 7K 

(3) i = cos \n + i sin 

(l) - ^ = cos ^7t + i sit! ^71 

or, = cos \7i - i sin \n. 

Note 1. It is convenient to take the positive value of the square 
rO)t ; then B must be taken in that quadrant which makes 

cos B of the same sign as x and sin B of the same sign as of y. 
Whatever bo the values of * and ?/, there is one and only one value 
of B, lying between —ir radians and -fr radians, which satisfies the 
equations (4) and (5). 

Note 2. Since the expression cos B-¥i sin B remains unaltered if 
for B we put d + 2wTr, where n is an integer, x + iy can also be expressed 
in the more general form r {cos (%nv + B) + i sin (2«ir+^)}. 

Ez. 8. Find all tJie values of (i) (1 + i)^. 


■= Jx^ + v\ 


From (l) and (2), cos 6 = 
sin 0- 


r Jx^ + y^ 

y V 


r Jx^ + v'^ 
Thus, r and 0 are determined. 

Particular cases, 

/ ^ K ^ A M • • 


[ cyp. jm, ’38, ’44. ] 
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(i) fJupposo l + t = »(cos 0+i sin 0) ; then r cos 0 = 1, r sin 0 = 1. 

9 *111(1 r= ; co^ 0= sin 0« 0 = Jir. 

1 + i= \/2 (ois |ir + i sin -iir), 
an 1 (14 i)^ •= 2^ {a is ^tt 4- i sin Jtt)^ 

= 2^ (cos {'2'n‘ir f sin (2>i7r4-}»r)y^ 

< 

Putting 11=0, J, 2, th<' required values are obtained. 

(ii) l^ = (eos Oh i sin0)^ = (c)s 2 »j?pH i sin 9mr)^ 


2 M 7 r , . . 2 H 7 r 

"COR 4-4 SI n • 


Giving to n the valuoR, 0, 1,2, the rcsiuircl values ar 

r. , . . rk ^TT . . 2 t 4?r , . . 4 t 

cos O-t-4 Sin 0, CO*, j 4 4 sin ^ » coi ^ rj * 

,.f, i(-i- 7-1). 

Ex. 4. Prore that the nutj of the equaUon cr^°4'lla!* — 1 = 0 are 
the I'nliics ()/ ^ ^^’ ^ I CO f i where r is an integer. 

[ r. Jf. mii. ] 


From the given cquat'on, we get 

,^- 114 - v/l 25 -ll±r»^/r)_-l 704 :RO jri 

2 ” 2 " :»2 

»(±f-y = (±f->)’(o,B 2 „r±iBi. 2 nr). 

T - ^ ^ (cos 2nr±4 ain 2r7r}^ 

vliich by Do MoivreV The irom 

— 1 / 9rr , . . 2nr\ 

2 rs ^ ±i-m ). 

i(horo r is any integer. 
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Note. It may be seen that for dilTcrent integral values of r, 
positive or negative, the expression has only ten different values which 
are the ten roots of the given equation. 

Ex. 5. ^ {u+ ^ =2 cos 0, show that a;"+ = 2 cos nd. 

X X 

*+i= 2cos0. 

X 

a® — 2 jj cos d + l-0» 

whence, a; = cos ± Jcoa^O-l “ cos 0 ± i sin 
Taking the +ve sign, re” + 

X 

= (cos 0 + i sin 0)" + {cos 0 + i sin 0)*" 

= {ooa n0 + i sin nO) f {cos (-«0) + i sin (-n0)} 

= cos nO’^i sin /i0+coa n0-i sin nO 
*= 2 cos n0. 

Similarly, with — sign, the same result easily follows. 

Ex. 6. If cos a + co8 li+ cos 7 = sin a + sin 8 sin 7=0, Chen 
2 cos 4a = 22 cos 2(^3 +7), S stn 4a = 22 sin 

Let ® = cos a + i sin a, 7/ = cos /5+t sin /8, z—cos y + i sin 7. 

® + 3y+s=2 cos a + i 2 sin a = 0. 

2y®a* + 2j8’x* + 2jc'‘‘iy*-x^ - I/** -3* =0, 
i.e., 2x* =2 2 cr, 2 (cos a + i sin a)^ 

= 2 2 (cos /9+i sin ^)*(cos 7 + i sin 7)*, 
or, by De Hoivre's Theorem, 

2 (cob 4a + i sin 4a) = 2 2 (cos 2/3 4- i sin 2j8)(co8 27 + i sin 27) 

* =2 2 {cos 203+7) + i sin 2 (fi+y)h 

Now equating real and imaginary parts on both sides, the results 
ow. . 
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EXAMPLES VII 

A. (i) Find t.he general value of S which satisfies the 
equation 

(cob 6 + i sin 0)(cob 26 + i sin 26) • • '(cos n6 + ^ sin nd) - 1. 

/..X /cos 0 + i sin 0\^ . . 

(ii) Express I , - - . , . — - .) m the form x + ly, 

^ \sin 0 + « cos 0/ 

v2^ (i) If a; + ^ = 2 cos 0, and ^ 2 cos prove that 

COB (0 -^4>) is one of the values of 2 (^1^ 

of the values of is 2 cos {7n6 - nA), 

y X 

(ii) If a ~ cos 0 + i sin 0, = cos + e sin </>, find the 

values of cos (0 + </>) and cos (0 - </>) in terms of b. 


Prove that 


m m mi t \ 

(i) (a + ih)^ + (a - ih)'^ = 2 (a® + 6*)^ cos tan*” ^ 
fl + sin 0 + j cos e\" Inn . Inn 

(">. ilTS^S - i «o. 2 ■ "*) + • ™ ( 2 - ”*) 


“(sin 0 + i COS 0)**. 

[ a P. 1946. ] 


> 4 . If ®t. = 008 17 + i sin prove that 

XtXtXa-“ to infinity == - 1. [ C. P. 1948, ’51. ] 
■4S. If (oi + »6iXo* + »&2)"*{on + »in)*“-4 + »B, 

(i) tan^ ^ + tan"* + ••• + tan"* — = tan"* 7 - 

(ii) (ai* +6 i*X« 2* +6a*) - (fl«* +**•)= +B*. 
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^6. Find the equation whose roots are the nth powers 
of. the roots of the equation 

-2a; cos 0 + 1 = 0. 

If 2cosa = fl + a“^, 2 cos 6 + 6"^ etc., show tJiat 
under certain conditions, 

(i) 2 cos{a + 0 + y+ *O = a6c--‘ + — [ 0. P. 7.95^. ] 

(ii) 2 cos (pa + q/J + 9^ + * * *) = • • • + * 

8. Simplify 

{cos a - cos p + i (sin a - sin p)\^ 

' + {cos a - cos j5 - i (sin a - sin 9)}”. 

If (1 +a;)"=po +Pia; + p 2 ®** + ***» show that 

n 

i^o "■ ^2 +^4 « 2^ cos inn. 

n 

2>i “ P3 + iPs *= 2^ sin \nn. 

[ 0. U. 1037. ] 


10. Find all the values of 
<fi) (1 + *A [C. P.1931. 'i 

(ii) (l+t)^. [C. P.1940.] 

(iii) (-*A 


(iv) (-1)1 

Prove that the nth roots of unity form a series 
in G. P. 


12. Using De Moivre’s Theorem, solve the equations 

(0 *^ +«* + ** + 1-0. 

(ii) **^** +**+*• +«* + * + l—0. 
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13. Prove that ya+tb + Va-ib has n real values, and 
find those of Vl + V-3 + Vl * J -3- 
''14. If n be a Bositivo integer, prove that 

(l + tr + (l-ir = 2^“coe W 
''16. (i) If a: « cos a + i sin a, y- cos /i + ^ sin and 

z — cos y + i sin y , and if a? + 2 / + 3 — 0, then ^ ^ ^ ® 0. 

sr y z 

(ii) If sin a + sin ^ + 8in y = co8 a + cos j8+cos y = 0, 
then sin^a- JiJ co8®u~f. 

16. (i) Solve -=■ 1 by ilic help of De Moivre’s Theorem. 

[ C. K 1930, *13. ] 

(ii) Provo that the sum of the wtli powers of the 
roots of the above equation, n being an integer not divisible 
by 7, is zero. 

<17. If flj - cos 0 + / sin 0 and 1 + ^/l - a* - na, prove that 
.+aco8 0 = 2®(l + «ir)(l+ ”)• 

18. If a « cos + i sin and if r and p are prime 
n 91 

to n, prove that 

1 + a* + o**’ + + - 0. IC.H. 1938. ] 

i^l^ It (i +a:)** = ao + • (» being a posi- 

tive integer), prove that 

tto +<* 4 +®8 + “2"~* +2^" ^ cos 
20. If a -= cos 6t + »■ sin 0i, cos 9 ^ + * sin fi*, 

' 6*008 9» + » sin and a+h + c^aho, th«i 
oos (9# - 9*) + cos {9g - 9i) + oos (9i “ 9*) + 1*0. 
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21* If x = cos a + « sin a, y -- cos p + i sin and 

;a; = cos y + i sin y, show that is real, and 

xyz 

is equal to 8 cos Up- y) cos i(v ” a) cos i(a - /?). 

22. By using substitutions of the form a? -cos 20 
+ i sin 20 in the identity 

{Xi_ - XqXxo^ - X 4 ) + (iE.2 - X;i)ixi ~ X 4 ) + fea - iri)(.r2 “ 0, 

show that 

sin (Oi - O.j) hftn (03 - 64) + *■* H * 0. 

23. From the identity 

_n+l _ - rt+l 

— n? +x p + x y +•••+]/ 

x-y 

deduce the sum of all the values of cos (;>a qp), where p 
and q are positive integers, such that p H-q~n. 

[ Put x — coB a-ri sin a, y^cos ft+i sin p and equate real parts of 
both sides. ] 


ANSWERS 

itStt)' !('*''+ Ji) ■' I i -• 

6. a;®-2a: cosn0+l = O, 8. 2"+‘ sin" ^ cos ^ (ir+a4/=^). 

10. (i) 2^^|cos J ^2nir+ sin J ^2n7r+" n-0, 1, 2, iJ, 4, 6,-6, 

(ii) 2’^'*'|cos “^2nir+ + » sin | (2nir + ^ ^|» n = 0, 1, 2, 4. 

(iii) cos (4n+3) sin (4n+3)^» n = 0, 1, 2, 3, 4, 5. 
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12. (i) — 1, ooss ±i ^ » ± ^ ± i sin ^ 

2y7r , . . 2r^ -t ^ a r r> 

00 y ■+"*■ 'mi ij ’ 7*— 3 , 2, 4, 5, 0. 

4 0 (O/i + lV ^ ^ 

13. 2 c;os * 7 /=-- 0 , 1, 2. 


16. (i> cf's "”’*' 4 - A sill ('ji=0, 3, 2, :4, 4, 5, O). 


23. 




ct — ;-i 


i fx4-;4\ 

V‘ 2 )• 





ciiat*ti:r viii 


IMPORTANT DEDUCTIONS FROM DE MOIVRE’S 
THEOREM 


51- Expansions of sin nS and cos nO (u hehin a posi- 
live intcqer). 

When n ih a positive integer, \\e )uiv(» 

cos n(i + i siti nO - (cos 0 -V i siii 0Y\ 


Since n is a positive integer, tlien^fore, expanding tlie 
right side by the Jhnoniial theorem,' we have 

cos nO + / sin nO 


^cos”0 + 7i cos”'^0 . 1 sin 0 + cos^*““0. sin^O 

“■ IXjJ ~ 2) n-3rt -3 • 1 

^ 0. z Bin 0 + 


Since, = “1, r’* = - /, = 1, i® = 

/. cos ?x0 + i sin 710 

cob” 0 - j CO8”'“**0 sin^O + 

+ 7 1^71 cos^"^0 sin 0 - — — cos”“® 0 sin®0 + •••j* 

Equating real and imaginary parts, we have, 
cos 710 = cos”0 — y " ^ cos’‘“‘'®0 8m“0 


+ ~ l)(w ~ 2)(7 i - 3) 

j ■ " 


cos^-^0 sin*0 - ••• 

■ » 


( 1 ) 


'See Art. 68. 
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and sin nO-n cos” ^0 sin 0-^^ ^ 

o I 

n(w-])(w-2)(n-3)('»-4) „-6 

+ ' — , cos 

5 I 


co8”“®0 sin®0 
0 sin"0 (2) 


Obs. Tlio t(‘rinfl in oftcli of tho above two Kories are alternately 
Xiositivo and negative and eaoli series contiunes till one of the factors 
in the nuniorator is zero. 

The last term in the expansions of ;<iii nO and cos nd are respec- 
tively 

(- 1) ^ sin*‘0 and (-1) * n cos 0 siu”"^0, when n is odd ; 

«~2 n 

(-1) 2 n cos 0 sin"“*0 and ( — 1)" sin”0, when w is t’lrn. 

Note. The values of cos n0 and sin m(? can also be obtainol by the 
method of Induction without the use of imaginary quantities. 


52. 


Expansion of tan nS. 


tan 7i0 


sinjw-d^ 
cos 7l0 


- (li 


Writing down the expansions of sin 7i0 and cos nO in (l) 
and tlien dividing the numerator and the denominator hy 
cos”0, we get, 

"" tan + ••• 

^ I - ”6*0 tan®6 + ”64 tan*0 - • • • 


Note. Wlien n is oddt the last term in the numerator is 
?!”l "-X 

( — 1 ) ® tau"^ and that in the denominator is ( — 1) * ntan""*^, 

when n is cvtnt the last term in the numerator is ( -l) ® n tan*'* 

\ . N 

and that in the derominator is ( — l)^tan 
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63, Expansion of cos a (in ascendinq powers of a). 

By De Moivre*s Theorem, when n is a positive integer, 
cos w 0 + i sin nO = (cos 0-^ i sin 0 )“. 

Expanding the right-hand side J)y the ihnoniial Theorem 
and equating real parts on both sides, we get, as in Art. 61, 

cos 7i0 = cos”G “ cos^‘" sin**0 

A . 

, n(n - J.)fw - 2)(n - 3) ^.4 . 4 

+ ^ cos 0 sin 0 — • 

1 ! 


Put nO - c£, so that ^ ; tlien we have 
« ( « » 1 ) 

’ cos^-'O siii'O 


COS a — cos 0 - 


2 ! 


+ *o&mO-' 


_ n- a(a - O) 
= COS 0 - 

^ ; 


4 ! 
cos’ 


■f «><»■- pX“ - eo,-!. (“;»)“ - -(1) 

Now keeping a constant, make n an infinitely large 
positive integer ; 6 accordingly diminishes indefinitely and 
sin 0 


d 


and cos 0 as also every ])ower of these become in the 


limit equal to 1 .* 

from ( 1 ), we have, 

cos «- 1 -|!+2^ - 2!+ + ( - 1)"^,+ ••• ad inf. 


,aii 


*See Gliapter XV, Section E. Also seo AppencliJi; for a discussion 
on the method of proof and for Convergence test* 
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54. Expansion of sin a. 

By Do Moivre*s Theorem, when n is a positive integer, 
cos nO + / sin nO = (cos 0 + i sin 0)’*. 


Expanding the right-hand side by the Binomial Theorem 
and equating imaginary ])arts on ])oth sides, we get, as in 
Art. 51, 

sin nO *= n cos"“^(? sin 0 - cos^'“®0 sin®0 + ••• 


Putting nO ~ a and simplifying as before, we have 


sin a =* a cos 


■fr)- 


a(a - 0)(a - 20) 

■ 3 !' ■ ‘ 




Now, making n an indefinitely large positive intege'r and 
keeping a constant, we have, as before, 

8ma-«-g^+g-j“y-j+ + ^ ~ 1 )" (2n + 1) I + ■■■ *“*• 


55, In establishing the series for sin n and cos a, it is 
tacitly assumed that a is the radian vieasnre of the angle 
considered ; for it is only when the angle 0 is expressed in 

radian measure, that ^^^“1* ^ being indefinitely dimi- 
nished. However, it is easy to obtain the requisite modi- 
fication of the above formuhe when the angle is expressed in 
any other system of measurement. 

Let us obtain the expansion of sm a^. 


Now, 


a® “ a 


radians. 
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• r) 
Sin a 


sin 


«7r 

IHO 


1 


/ ajiy* 

3 ! 

\J 8 ()/ 0 ! 

\lK 0 / 


Similarly, cos = i - 3 , ( “^" 0 ) 4 ! (I'so) " ' 


56. Addition Formulae for any number of an{;1es. 

Hy the use of Do Moivro’s Theorem, general forniuhn 
for tlie sine, cosine, tan^^ent of tlic sum of any nuniher of 
unequal angles can ho easily deduced. 

(cos “I"'/ sin ai)fcos a.j + / sin a2)'"(tJOS cfn + / sin (i«) 

=* cos (a j + (la 4- • •• + On) + 7 sin (aj + «a "i Un) ‘ " (l) 

Now, cos a I + / sin aj. = cos oi (l + /’ tan ai) 
cos ag -f / sin a.j - cos a 2 (l + /’ tan a 2), 
and so on. 

Hence, (l) may he written as 
cos (ai + Qg + * * * 4- an) + '/ sin (at 4- Og + ’ * * «n) 

= cos at cos ag.-.cos an tan ai)(l + i tan ag)... 

(1 + i tan an) ... (2) 

= cos ai cos Ug . . .cos a»Ll -I- 2 .s*i + « “.Sg + -H 7 ^ 84 , + + • * *1 

= cos ax cos Og-.-COS an [l + isi - 82 4- 78 r, + •••], 

wliere Sr denotes the sum of the j^roducts oftan oi, tan ag,... 
tan an, taken r at a time. 


Now, equating real and imaginary parts, we get 
cos (ai -f ag 4 4- an) 

- cos Oi COSaa-.-COB On +‘‘‘’ 4 *' **■) **■ (3) 
sin (ai + ag ^ + «n) 

= cos a 1 COS Gg . . -COS an (81 8 ^ + Ss * * ' (4) 


and by division, 

tan(ai + a2**' + aii) 


Sj ** 83 4* 8s ** S7 

1 “ 82 + 84 — 83 + * • • 


( 5 ) 
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Note 1. If n be odd, the last term in the numerator is 
srl. »•- 1 

(-1) 2 and that in the denoiuJu»tor is (-1) ^ s«-i ; and if n be 

I.-2 

even, tho last term in the numerator is ( — 1) * ' s*-, ; and that in the 

n 

denominator is ( — 


Note 2. By putting o, =Oa-** = a„=0, in (B), (4), (5) the 
formuhe for sin nd, cos n0, tan wd, can bo easily deduced. 

Ex. 1. Jf * = 8=il'’58' nearly. [ C. P. 1986. ] 


When 0 is very small, is very nearly equal to 1 ; here 

is very nearly equal to 1 ; hence, 6 must be small. Therefore, 
in the series for sin (?, neglecting th(} powers of 0 higher than the 3rd, 
wo have, 


sill 0 




1 - 


Thus, 0* 


5046 , , 0* 5045 1 

“6046 6 ''^“6046 ‘’5046* 


1 

“841* 


0 = radian = 1“ 68' nearly. 


Ex. 2. Expand tan x inpowcrc, cfx ao far as the term invohnng a:*. 

^ sin a: . / x.. 

tan X =* «= sin x (cos x) 

008 X 


Now, expanding by Binomial theorem and simplifying, 

we get tan x=x+ix*+A** + 

Er. 8, Expand cos^O in powers of 0. 
cos®0 = J{l+cos 20) 


1+1 - 




( 20 )" ( 20 ) 


2 * 0 " 

21 “ 


, 2^0 

41 


4! J 

^ 1 - 28 "_^ 2 » 0 * 
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Ex. 4. Prm'e that 

Sitt’e CDS = 

[ C. P. 1935. ] 

4 cos 0=2 sin 0. 2 sin 0 cos 0 = 2 sin 0. sin 20 


= cos 0 — ciis 30 




^ 2! 4! 

Ain 

-"‘Al " 

oan/ian 

(Ml 

=4r-2o;v 

6 

3'-*" — 1 


8in‘-'0cos 0 = 0-£0» + -- + (-l)"+‘ ’ t 0“"-f ••• 

4^(2h) I 

Ex. 5. FiiuZ t/ie limUing rahie of ■ - - j ~ 0 

u 

io zero. 

A 

Writing down thn sorios for sin 0 and tan 20 (son ISx. 2 above) the 
given expression beconifjs 

,{20+ I (2(l^’ + ^f29)» + ••. |-2{fl-^ + |J- - I 
0“ 

>^0^4- terms involving 0'* and higher powers of 0 
“ ■ 0» 

=■■3+ terms involving 0* and higher powers of 0. 

Hence, the required limit is 3. 

Ex. 6. If m = u~~e sin n, and if e he so small that ifs powers above 
the second may be neglected^ .s7iow; that 

M=7n + c sin 7;t + J<?* sin ^m. 

Here, sin w, ••• (i) 

and since e is small, u differs from m by a small quantity of the order 
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Lot so that .r is of the ordor of e. 

Tlion, from (i), 

7// -f j! = 7» + /* sin (m + sc) 

-=iiH V sill ni cos x + e cos m sin x 

= 711 + c sin in 1 1 - 1 + c cos tn jai- H — 


= ?// + <♦ sin 7» + a; c cos m [ neiglf'cting terms of an 

ortlor higher than \ 

whence 

•* 

r sin in • /-. \_i 

-s s=e sin 71/ (1 — e cos 7j/) 

1 — e cos in 


= e sin in (1+e cos7;/H — ) [ by J5inomial Theorem ] 

= e sin ni + e'^ sin /// cos in (neglecting higher p/mers of e] 

t 

= e sin //i+Je'** sin 2m. 

, 7/ = m + »■ = 7// + r sin m + ie * sin 2 m. 

Note. The above pnxjoss is known as the Jlrversnl of scrica. 


EXAMPLES VIII 

1. (i) Expand sin'^a; and cos'* a; in powers of x. 

[ Ihe sin^x-i(S sin x-sin 'ix ) ; ro.s*'‘x = |+J cos 2a;+J cos 4x. ] 

(ii) Expand sin*'^.r and cos’* a; in powers of x, 

[ Use /!i7i'^a; = J(l-cos 2^) ; ros*a; = i(B cos x+cos Ha:). ] 

2. Express sin | ™ + ajj cos a? as a power series in x. 

8. Use the fact that cos 20 + i sin 2(9 = (cos 6 + i sin O)* 
to find the fomiuho for cos 20 and sin 20. 

By a similar method find formula? for cos 30 and sin 30. 

4. (i) If « 2166* ® nearly 3®. 

(ii) Calculate the value of sin 3** correct to 3 signi- 
ficant figures. ^ 
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5. (i) If sin X - ‘DOOH, show that x- H 8 ° ol' nearly. 

(ii) If cos (:Vt + ir) = ’ 10 , show that x .‘107' nearly. 

(iii) If cos x = x, show that x—'7 neaj*ly. 

(iv) If tan 0 = iV, find an api>roxiiniite value for 0 . 

6 . (i) Express sin hx in ]>o\\ers of sin tr. 

(ii) Ex])ress cos oO in powers of cos ff. j G. P. ! 

(iii) Prove that 

cos 70 = ()4 cos^O- 112 cos'‘0 4-5r) cos *0“ 7 C(.)s 0 . 

\ T> i .1 i X 4 A 4 tan 0-A tair'^d 

(iv; Prove that tan 40 = . . 2 n . ^ 4 ,/ 

1 - h tan 0 + tan 0 

7. (i) Prove that if i.Tc < 0 < Jtt, then 

sin ?i0 = cos"0|”ci tan 0 tan’^0 I- ...} 
cos nO - c()s"0[l - \'a tan'^^O 4 tan*0 

[ cos n04-i sin nB — {ros .sti? = B (l+ i ian ; cijiand 
right side and eguaio real and tin agznar if parts. \ 

(ii) Show that (n being a ])()sitive integer) 

1-%+”c*--=2^cos 7 
and " 01 -%+% 2^ sin”” [C.P.]!W.\ 

8 . Use De Moivre’s Theorem to ]m)vc that cos 
cos and cos are roots of the equation 

8rr® - 4iX^ - 4a; 4- 1 = 0. 

Hence, prove that 

cos + cos y.-l + cos ^71 ~h 

9 . Prove that 0 cot 0 1 ~ if 0 is small. 

10 . Find the limiting values of the following expressions 
when X tends to zero. 


X — sm X 


tan 37 - sin y 
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tan 2.r - 2 tan x 


[ c. p. ] 


/. X 3 sin X - sin 3x 

(iv) 

£r - sm aj 

!!• Find the equation whose roots are 
± tan y I ± tan ± tan 

12. Prove that • 


tan'^flji f tan“*fl;2 + +tan“^aJn 


[ C, P. 1936, ] 


= tan- 


where pr denotes the sum of the products of Xi^ 

taken r at a time. 

13. If Xxt X 21 cc^f are the roots of the equation 

a?* - a;® sin 2a + x^ cos 2a - a? cos a - sin a = 0, 
show that S tan*^a?i = nn 4- - a. 

14. Prove that 

sin viO = sec 0 | w tan 0 g-j tan 6 4- •••!» 

when tan 0 < 1. 

[ cos mB — I sin mB = (cos B + i sin d)~**. Expand by Binomial Thco^ 
rem and equate imaginary parts, ] 

15. Prove that 



16. Show that 

• 2 4 6 

n n , n ^ 


2.4 2 . 4 . 6 . 8 2.4.6.810.12 
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17. li^nd the value of the series 

l_ 2 . 3 _ 4 

^ 3!^5! 7!^ 


ifi T/ -2_4,r) 8, 

18. If a: j I 3 I + r, 1 71 + ' 
2 2^ 2* 

ami 2 / = l + j-j - + --j- •* 


show that ^y. 


• to «>, 
to 00 , 


19. If X cot X = ao + a^x^ + a^x*‘ + , show that 

(t^,n ^ (l2n~2 4 . ^'3w-“4 _ f-ir (- 1 )" 

[1 L? \Jl |27fc + ] (2?* 

Hence, expand x cot x in ascending powers of x as far 


20. If w = 'y-2<3 sin r + sin whore ^ is a small 
quantity of which all i)owers above the second are neglected, 
show that 

v-m-^r 26 sin m + sin 2m, 

21. If tan x-axX + ^^^x^ + + ”*, shovr that 

(2n + l)2n (2n + 1 )2n(29i •- l)(2n - 2) 

<^271+1 “ — ’ ^ ' 6^271-1 ^ I (^2n-3 

+ •••+( - l)"+^(2n + l)ai + ( - D". [ a m 19i0 . 3 

22. If - “ (2n + 1) ^ ' where n has any large positive 

a Ji 

integral value, prove that the large roots of the equation 
tan 0 ? = ar are approximately ± | ^ - a - | [ C, JST. 1941 J] 
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AN8WSUS 




^~‘t! + + + (l + 4’‘) i-‘-‘„^- (1+4”)- 


2^x* 

4 I 


2'*a;« 

6 ! 


. 2’^x2 


.... ir2“.r'’ 2^x*2*'‘x^ 1. 

21 2! “'Tr**- Gf— 'J ' 

(»•+»)+?; o>'+a)--} 

4. ^ii) 0'052Jl. 5. (iv) M°49" iipproximately. 

6. (i) 10 Kiii®a: — 20 sin '*.»; + 5 sin x. 

(ii) 10 cos 0 — 20 cdH^S 4- 5 cos 0. 

10. (i) i- (ii) 4- (iii) 0. (iv) 24. 

11. — 21t ‘ 4- — 7 *= 0, where t = tau 0, 

17. ^3 8m(f+l). iO. + 



CHAPTER IX 

TRIGONOMETRICAL AND EXPONENTIAL FUNCTIONS 
OF COMPLEX ARGUMENTS 


57. Generalised Definitions. 


When X is real, we know w’hat are meant hy the exponen- 
tial function c® and the trigonometrical functions sin ,r, 
cos X, tan .r, etc. Now the question arises, vs- hat would 
be meant by these functions, when x is complex ^ /.c., of the 
form a + ib. At ])resent fhey have no meaning. 


When X is of the form a + ?b, let us dejine the exponen- 
tial and trigonometrical functions hy the following 
equations : — 


, X . X 

cos a; ~ 1 ” :7'T + 71 “ • 
2 I 4 ! 


Also, 


tan X 


sm X , cos X 

* cot X— . 
cos® sin X 


cosec X 


1 

— , 


sin X 


sec ® = 


1 

cos X 


Note. When x is real, it has been actually proved that e'", sin x, 
cos a; are equal to the corresi)onding series ; now, wljfii x is complex^ 
for the sake of uniformity and convenience, wo make the cif^ivention 
thatfi*, sin a, cos x should denote the corresponding series. 

Obs. When x is real, e in e* having the meaning ***» 

e* has the usual significance of a certain quantity being raised tr» 
a certain power. Incidentally it has been proved to be equal to the 

series • ^’^t when x is eomplez, has no other 
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fiigniiicanoe except that it stands as a symbol or short way of writing 
the senes + 

Accordingly some writers use the symbols exp. (x) or E (x) in 
preference to for the series when x is complex. 

The symbol c* h<w(<ver is favoured by many, because this brings 
about a uniformity in the two oases whether x be real or complex, 
since, as will be shown below, all properties (index law etc.) satisfied 
by c* when x is real, will continue to be satisfied for complex values 
of X with the new' definition of e*. 


68. Index Laws for the Exponential Function. 

When X is real it has been prWed that o® obeys the 
index law. Now, it will be proved that even when x is 
complex, c® with its new definition, obeys the index law. 


When X and y are complex, we have, by the definition, 





by multiplication, we get 
cV = 1 + (a: + v) + (|-j + iry + 1^ j ■ 


\n 1 (n 


_,V 

(«-l)! 1 


£ . V. y \ . 

i (n-l)! nil 


= 1 + (® + y) + ^ j (ir + 1 /)® + • • • + ^ (a: + v)" + • • • 
by definition’"’'. 


Similarly, c*. ~g«-^v+«+' 


It also easily follows that 

and (e“)"»e"*, n being a positive integer. 

The last result can be extended to the case where n is 
any real quantity, a** being then one of the values of (a®)^. 

•por ooQVcrgenoe consideratiou, see Appendix, S C(l)* 
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59. Exponential values of sine and cosine. 

If we put ix for e in the equation 

we obtain, = 1 + tx 4* * 3^i 




i.e,, e** - cos X + i sin x,'^ • • • (l) 

whether a; be real or complex. 

Similarly, e " ** - cos x - i sin x. • • • 1 2) 

Hence, for all values of x, real or complex^ we have from 
(l) and (2), 

cos X— and sinx«^|e** --e"**! (3) 


These expressions for cos x and sin x are known as 
Euler's Exponential vahm. 

When a; is a complex quantity, sin a?, cos x are some- 
times defined by the relations (3), being first defined as 
in Art. 67. 


60. Addition and Subtraction Theorems {for complex 
arguments). 

When X and y are complex, to prove that 

sin {x + y)=^ sin x cos y + cos x sin y 
cos (® + y) “ cos X cos - sin a: sin y 
sin (aj-t/)“sin xcoey-eoex sin y 
cos (aj-|/)“»coB X COB y + sin x sin y. 


*This restilt is known as Euler’s Theorem, after the name of the 

great Swiss mathematician Euler (1707-1783). 


8 
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Proof* By Art. 58, we have 

therefore, by Art. 59, 
cos {x-¥y)-¥i sin (a; + y) 

«= (cos x-^i sin flj)(cos y + i sin y) 

- cos X cos 1 / - sin 05 sin 1 / + i (sin x cos y + cos a; sin i^) ■ • • (l) 
Again, from the identity, 

we have, as before 

cos (a; + - i sin {x + y) 

= (cos x^i sin aj)(cos y-i sin y) 

= cos a; cos 1 / - sin x sin y 

- i (sin X cos y + cos ar sin v) ‘ * (2) 
Now, adding and subtracting (l) and (2), the required 
values of sin {x^y) and cos (a? + are obtained. 

Again, since, c'**', 

cos (a? - 1 /) + 2 sin (a; - y) 

= (cos x + 1 sin a'Xcos y-i sin y) 

= cos a; cos y + sin x sin y 

+ i (sin X cos y - cos a: sin f/) • • • (3) 
and since, = c“**.c**', 

. cos (a; - 1/) - i sin (x - y) 

®= (cos a: - i sin arXcos y + « sin y) 

*= cos X cos y + sin a? sin y 

- i (sin X cos y- cos a? sin y) •• (4) 

Now. adding and subtracting (3) and (4), the required 
values of sin (x - y) and cos (a5 - y) are obtained. 
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Alternative Method. The above formulfe can also be 
established by making use of the exponential values of sin x, 
sin y, and cos x, cos y ; thus, 

sin X cos y + cos x sin y 

4ii 2i 

= sin (x + y). 

Similarly, the other relations can be proved. 

61. From the above article, it follows that all trigono- 
metrical formulae involving real angles which were deduced 
from Addition and Subtraction theorems are also true when 
complex quantities are substituted for real angles ; thus, 
whether x be real or complex^ we have 

sin 2a; = 2 sin x cos x ; cos 2a; — cos® a; “ sin*ar ; etc. 

62. De Moivre’s Theorem tor Complex Arguments. 

Whether B be real or complex, we have ' 

(cos 0-^i sin 0)” = cos nd + i sin nd. 

Thus, De Moivre's Theorem is true, whether 0 be real 
or complex. 

68. Periodicity of Circular and Exponential func- 
tions. 

In the first and second equations of Art. 60, put y^2nn, 
where n is any integer and let x be complex ; then 

sin (a? + 2n;i) - sin x cos 2nn + cos x sin §n» 

. ■* sin X, 
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Similarly, cos {x + 2«w) •* cos x. 

Thus, even when x is complex, sin x and cos x are 
periodic functions. 

Again, — cos {^nn + d) + i sin {2nn + B) 

== cos 0 + i sin 6 = 6*^. 

Thus, 6*^ is a periodic function ; that is, its value 
remains unchanged, when B is increased by any multiple 
of t 

Also, e*""”* = cos 2nn + i sin 2nn ■= 1. 

64. Logarithm of a Complex Quantity ; a many- 
valued function. 

If z and A be two complex quantities, and if they be so 
related that e^ == A, 

Le., ' 

then, z is said to bo a logarithm of A. 

Again, if A, 

since, = 1, w’here n is zero, or any integer, 
we have. 

Hence, it follows from the above definition that if z be 
a logarithm of A, so also is + 2nm. 

Thus, ve see that the logarithm of a complex qtuintity 
has an infinite number of values. When this many-valued- 
ness is taken into consideration, logarithm of A is some- 
times written as Log A in order to distinguish it from its 
principal value which is written as log A. The principal 

value of the logarithm is obtained by putting n»0 in the 

« 

Tttlue of Log A. Thus, we hare 

Log ^‘»2nnt'('log 4. • 
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Note. If 0 and A be both real, then since the above proof equally 
holds, we got logarithm of A^g+2nvi ; that is, a real quantity has 
one real logarithm and an infinite number of imaginary logarithms^ 

65. Definition of a* {when a and x are complex 
quantum). 

When a and x are real quantities, we know that 
w When a and x are complex, the ordinary- 

definition of a* no longer holds. 

When a and x are complex qnantitm^ let us define o* 
by the equation 

/j*=-i»Kiooa , 

Since, Log a is multiple-valued and complex when a is 
complex, therefore, a* is multiple-valued and complex and 

a® =s < 3 * Loa a _ 2n7ri+loo a)^ 

The principal value of a® (which is the value of a® 
obtained by putting n = 0) 

— log a 

■” fj 

= 1 + ® log a + 2 J (log a)® + 

As a special case, putting 2 ; = 1, 

o-ei0B« = l + loga + i(loga)* + 

66. IVom the definition of the logarithm of a complex 
quantity, it can be easily shown that when x and y are 
both complex quantities, 

Log xy = Log X + Log y 
Log “ “Log a:-Log y 

Log Log a? + 2A;jrt, where k Is zero, or 

any integer. 
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For, let 6® = sc and ■= y, so that xy = == 

Then Log x * 2 mni + a, Log y = 2wni + 6. 

. Log sc + Log y = 2(w + w) jri + a + fe = 2k7ti 4- a + 6 
■= Log sr^. 

Similarly for other relations. 

67. Inverse circular functions of Complex Arguments. 

If cos (sc + iy) = 74 + iv, then sc + iy is defined as an inverse 
cosine of 74 + iv and is written as iy = cos”^ (74 + iv). 

Since, cos (sc 4 - iy) *= cos {2n7t ± (sc 4 - iy)\. 

. COB { 2 nn ± (® 4 - iy)] ■= 74 4 - iv. 

Hence, 27in±{x-^iy) is also an inverse cosine of 74 4- iv 
(n being any integer). 

Thus, the inverse cosine of 74 + iv is a many -valued 
function and when this many-valuedness is taken into consi- 
deration, it is written Cos“^ (t4 4-iv). 

The principal value"^ of Cos”^ [u + ii^ is defined as that 
value for. which the real part lies between 0 and jt, and is 
denoted by cos'^ (74 4 - w). 

We have, then 

Cos" ^ (74 4 - iv) = 2nn ± cos" ^ (74 4 * iv). 

Similarly, other inverse circular functions and their 
principal values are defined. 

Thus, if sin {x + iy ) « 74 4* iv, 
then 74 4- iv = sin \nn 4- ( - l)^(x 4- iy)}, 

/ . Sin" ^ (74 + i v) n?! + ( - l)®(a? 4 - iy) 

=* nw 4- ( - l)® sin“^ (74 4- iv). 

* This dehoition agrees with that for the principal value of oos*^at 
vhfft a is xoai. 
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If tan {x + iy) = u + iv, 

then, u + iv = tan \nn + a? + iy\. 

. Tan”^ [u + iv) -nn-^{x + iy) 

= nn + tan“^ {u + iv). 

The principal values of Sin"^ (u-hiv) and Tan"^ (u’^iv) 
are in each case those values for which the real part lies 

between - ^ and + ~ • 

Similarly, Sec'^ {u+gv) = 2n7t±sec'^ (u-^iv) 

Cosec“^ {u + iv) = nn + (-!)” coseo”^ {u + iv) 
Cof*^ {u + iv) = nn + cot" ^ (u + iv). 

68. Binomial Theorem for a Complex Quantity.’^ 

If 2 be real and numerically less than 1 , then for all real 
valures of n, we have the Binomial Theorem 

(1 + .r = 1 + nz + z* + + (1) 

When z is complex (say - a + ih) then, 

(i) ii n ho a positive integer, the series on the right 
side of (l) is finite for all values of z and hence the Binomial 
Theorem is tyue for all values of z ; 

(ii) if n 60 negative or fractmial, the number of terms 

of the series is infinite and the series is equal to one of 
the values of (l + z)^ and it is generally taken to be the 
principal value of (l provided the modulus of z, that is 
+ is numerically less than 1 ; 

*Here the theorem with its various restrictions is simply stated, 
for the sake of reference, without any proof, as the proof is difficult 
and beyond the range of the present treatise. For the proof, the student 
may refer to Knopp*s Theory and Applications of Unftnite Series or 
ChrystaPs Algebra, Vol. II. 
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(iii) if n be negative or fractional and if the modnlm of 
z is equal to 1, then the theorem is true, when 

(a) n is a positive fraction, or 

(b) w is a negative proper fraction, i.s., when n lies 
between 0 and ~ 1, and z is not equal to - 1. 

Note. The theorem will not hold 

(i) when mod. «=! and n= —1 or < — 1 
and also (ii) when mod. z> 1 and n is negative or fractional. 

9 - 

69. Logarithmic series for a Complex Quantity. 

When z is real and less than or equal to 1, we know that 
log (l + = - (l) 

When z is complex^ it can be shown exactly in the same 
way as when z is real, that the series on the right side of 
(1) is the expansion of log + i.s., the principal value of 

Log (1 + z\ provided 

(i) mod, z is numerically less than 1 
and (ii) if mod. ^ = 1, then also the theorem is true if the 
amplitude of z be not equal to an odd multiple 

of 7t. 

Since, Log (1 + = 2nni + log (l + z\ 

therefore, Log (l + jk) = 2nni +z- iz^ + fc® - 

70. Ex. 1. Uvaluaie Log (a+ij3), where a and p are real. 

[ c. H. ms. 3 

Let Log (a+ip)»»+t|/ {x and y being real) ; 
then, a 4- ip. 

put o»r oos d, p«r sin B, so that r» + is/a*+p*» tan B» ^ ; 

' o 

then a+ip »r(oo8 B4-i sin $) 

V m *■ v+<(Sfiir 
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Therefore, «*+'•' - «*“•' »•+«*"»+« 

Hence, a; + ij/ * log r + i(2 wir+ B), 

Equating real and imaginary parts, wo have, 
aj^logr and y=%nv¥B. 

. * . Log (a + i/3) = log r + i(2nir + d) 

' loge iy/a‘^+/3’‘*+i^2«ir4' tan“‘ - |« 

Note. Putting n = 0, ,*in the above result, we get the principal 
value of Log (aH- i/3) ; 

log (a4-iA*l0Ke tan-' | • 

Ex. 2. Separate into its real and imaginary parts the expression 
(o+i/S)*+‘». ^ iC.P. 1030, ’S3, '44 ] 

By definition in Art. 65, 

(a + = e ^*+**'^ [a+iP) 

Now, we have as in Ex. 1, 

Log (a + i/3)* log r+i (2nir+d), 

where r* is/a® + /3* and f?*tan"‘ ^ * 

Hence, (aj+ij;) Log (o+i/3) 

* a: log r - ;/(2nir + d) + i{y log r + ® (2nir + ^)] 

= p+i 3 , say. 

Then, 

(a+i/3)*+*»'*e*'+*«*eP.e<» 

*fl'(oo8 3 +iMn q) 

-«* log r-y(2nTr+8> r+xijtnw+B)} 

+ i sin log r+ »(2ns‘+ 6)}]. 
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Note. The principal valtte of the given expression, obtained by 
putting n»0 in the above result is 

e® 1/^ [cos {y log r+«d)+i sin (;/ log r+oj^)]. 


Ek. 8. Pro®* *‘=<■"‘*"■'■”5. [C. B.1932 ; C. P. 1942.'i 

We have, t-cosjT +i sin^ 

Logi-]oge*5w®+^)=it|(4»+l). 

Log 

Ex. 4. Prove that 5in“‘^(i) ‘=2Mir— i lof; ( \/2 — 1). 

Lot Sin"* sin 

008 0= 7l- Bin •■■0= ^/^+^= n/2. 

e*^“C 08 0+i sin 0= is/2 — 1. 

. \ i$vt 2niri+ log ( n/2 1). 

d or Sin"* (i)«2«ir-t log ( n/2-1). 

Ex. 5. If tan log (a:+ij/)«=a+i6, where a’ + 6® ^ 1 prove that 

tan log (:c’ + y*) - [ C. P. 1946. ] 


Here, log (a? + iy) •= tan* ‘ (a + «6), 

. * . log (x-iy) «* tan*‘ (a - id), 

log(aJ® + y’*)«log{(®+iy)(x-iy)}«log(«+ij/)+log (x-iy) 

»tan"* (a+id) + tan"* (a -id) 

(^+id) + (a-id) .1 2a 
l-U+i6)(a-i6) l-(<8*+i»)' 

tanlog(a)»+g»)= ^_j^^^i, - 
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Ex. 6 . find all the values of s if {cos $ + i sin ®). 
Siaoe, ‘ 

if Log i«l + i (2»iir+d). 

Sinco, ljC3g i ^ (4A:+ 1), t soo 3x. 3. above ] 

. • , ^ .i ^ (4A: + 1) = 1+ i{2vw + el 

I 

*“(4/i + l))r putting 1= -i'. 


Ex. 


7. If !•= log tan ( 4 "*■ g)’ 

y=-i Log tan (f-'+ 4 )- 


Hero, 


or, 


or, 


, ^ l + tan- * - 

. I X . v\ 2 . , ?y - 1 




e^-ej. 


— i ta.n. 


... , %X . IX 

— i* tan — tan -r • 


1 +tan ~ 

= i 


»tan 


l—tan 


( IT j isr \ 

4 + 2 )’ 

iy-Log tan (•j+ - -i’ Log tan 4 )’ 

If- -i Log tan “ J. 
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Ex. 8. Express Log {Log {cos 8 +i sin 8))- in the form A + iB, 

[ C. H. ’5i. 3 

Log (cos 8 f i sin 8)»=Log e^^«=log c^^®”"'*’^^=(2nir+8)i 

*= (2nir+ 8) ^oos “ + i sin ^ ^ = (2nx+ e)e*'S- 
. * . Log {Log (cos 8 + i sin 8)} 

=Log |(2«T+8).e^'ff| 

.ir 

= log (2nir+ 8) + lyog e ^ 

*= log (2Mir+ 8) + 2jbri+ i " 

= log (2nir+ 8) + iv{2k + i). 


EXAMPLES IX 


I All letters represent real numbers unless otherwise stated ] 

1* From the definitions of sin x and cos x where x is 
a complex quantity, prove that 

cos 2® = 1 - 2 sin®£c. 

(ii) sin 3rp = 3 sin a? - 4 sin®®. [ C. P. 1948, ] 

(iii) sin*® + cos®x == 1. 

• (iv) sin ( - ®) = - sin x and cos ( - ®) = cos x. 


2. Apply the exponential values of sine and cosine 
to show that 

sin 28 


(i) 


1 - cos 28 


= cot 8. 


(ii) cos 28 == 1 - 2 sm®8. [ C. P. 1925, ] 

S* Show that 

(i) Log ( - 1) = (2n + l)t7s. JSSi Log i * (2» + 1)*«. 
JjBi) Log (-®)*log «+(2» + l)iji. 
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(iv) Log (1 + *) = J log 2 + (2n + i)t«. 

(v) .»{i [0. P. IMl, -iS. 1 

(vi) ®‘-e~®"^{oos (log a:) + « sin (log «)}. 

(vii) = COS hnx + i sin hux^ where Zc = 2» + J. 

(viii) liOQii — where m and n are any integers. 

(is) log (l + cos 20 + i sin 20) = log (2 cos 0) + iO, 

[ C. P. 1947. ] 

(x) Sin“ ^ {ix) == 2n7t - i log ( s/'l + £r “ - a;) 

»= 2nn 4- i log ( ^/l + a;® + x). 

(xi) tan"^ (e*^) = + \i log tan (i^i + J0). 

(xii) sin (log «*)•=* - 1. 

(xiii) (sin x + i cos ir)* = e*“ 2 nir-jir 

(xiv) ( - (xv) Log ( Ji) = {2nn + in)i. 


(xvi) Logio2 = 


log 2 + 2w;if^ 
log 10 + 2nni 


4. If + iB *= log {x + iy), show that 

B = tan“^ - and .4 = i log {x^ + y *). 

X 


5. If - a + ip, prove that a® + == 

6 . If i<*"**^‘ * .4 + iB, prove that 

ten y and +B* -e-'*. [ P. P. 1931. ] 
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7. Express in the form A-^iB 

(i) (ii) Log (-e). 

(iii) 008 (a +?j3). [ O. P. 1931. ] 

(iv) log sin {B + 

(v) , (vi) Log 

8. Show that 

log log {x + iy) -= h log (p® + q^) + i tan"^ ^ > 

^ «j 

where p = log Jx^+y^ and q = tan“ ^ • 

9. Prove that the principal value of (a + / is 
wholly real or wholly imaginary according as 

hy log (a^ + fi^) + x tan'^ ^ 

a 

is an even or odd multiple of in. 

10. If tan {x + iy) -u + iv, prove that 

+ 2u cot 2a? = 1. [ G. P. 1946, *48. ] 

11. If jer be a complex quantity, show that 

tan z = z + iz^ + + 

12. If is; be a complex quantity, prove that 
(i) the zeros of sin z are given hy z- Jen 

and (ii) the zeros of cos z are given by z-{2lc + l)in, 
where & is zero or any integer. 

f 

18. Show that the values of t* can be arranged so that 
tlxey form a georaetrioal progression. [(i S. 1951. ] 
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14. Prove that 

1, (a-.r)*+Z;® , .f. -t fo . -i ft 1 

n j- ^ o ^Qg)~~T \2 ri.a+«Uan ^ tan ”T';;r 

a + ^o + a; 2 (a + x) ’^b I a -a* a + a?j 

15. (i) Prove that the principal value of § 

^•iog(i+i) -g « 2^g 2) + 1 jjjti (J„ log 2)}. 

(ii) Find all the values of (l 

Prove that the -nratio of the principal values of 
(1 + and (l - * * is sin (log 2) + i cos (log 2). 

17. (i) Solve cos x-c, c > 1. 

(ii) If a cos 0 + i sin 0 = 6', c>v^a“ + i^» find the 
general value of 0. 

18. If a; be < show that ^ cos-^ (sin £r + cos x) has 
two real values. 

iMC If tan""^ (o + ib) = sin”^ (a: + iy), show that 
„s + A® = 

»Jx*‘ + y^+ + 21 /“ + 1 

20. If fc= e’“ 6 -*“ 1 
e-*P 1 
e‘1' 1 


show that 

= 2 cos 2a + 1 2 cos (a + jJ) + 1 2 cos (a + v) + 1 

2cos()34-o) + l 2oo82jJ + l 2cos(jJ + y) + l 
2 cOB(y + a) + l 2 oo8(y + ^) + l 2 cos 2y + i 

[ (f. H. 1927 . 1 
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ANSWEB8 

7. (i) {cob (log ir)+i sin (log »)>. (ii) H-(2n+l)iri. 

(iii) cos a. g + + i sin a. — 

(iv) 2 log ^ {e^^+e^^^—2 cos 20) + i tan“*|cot 

-(2nir+tan-i ^ ) 

(v) s ® [cos {J log (aj** + y®)}+ i sin {J log (aj® + y®)}]. 

(vi) aj+i(i/+2nir). *• 

16. (ii) 2^fi“ [cos {i log 2 + (2w+J)fl-)+i sin {J log 2 + (2w+})ir}]. 

17. (i) 2n/ir±i log [c+ — l). [ where n is any integer, positive or 

negative. ] 

(ii) fl=2nT+,log 



CHAPTER X 


GREGORY’S SERIES AND EVALUATION OF TT 


71. Gregory’s Series. 

To expand d in powers of tan 0. ( - < 8 < + iw). 


We have, i tan B * 


. . * id -itf 

t sin 0 e —e 


cos $ 




by coipponendb and dividendo, we have 
id 

1 + ^ tan 6 6 2 id 

l^i tan 6 ^ 

Taking logarithms of both sides (considering the princi- 
pal value only) 

2i0 •= log (l + i tan $) - log (1 - i tan 6) 

*= i tan 6 — tan®0 -f ii^ tsin^O - 

— ( — t tan 0 tan*0 — Jz* tan*^ - ) 

by Art. 69, if tan 0 be not numerically greater than 1, i.e., if 
— iw < 0 < + i:n (the principal value of 0 being considered) 

= 2i {tan d - J tan®^ + i tan®© - 

••• d-^tan © - J tan*d+ J tan”0 ad. inf. • (1) 

where -!«<©< + Jt*. 

This is called Gregory’* Serie*.* 

Putting tan© = a;, so that © = tan“^ir, the above series 
may be written as 

tan"^x»x-ix*+Jx® + 

where - 1 < a? < +1 and tan*"^® has its principal value. 

% 

•This series was first given by Jomes Gregory (1638-1675), Professor 
at Edinburgh, for obtaining the approximate value of t. 
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Note 1. In considering tlxo principal values of both sides, the 
principal value of 0 also, consequent on the) value of tan is to be 
taken into account. 

It is also to bo noted that if tan 0 bo numerically not greater than 
1, the principal value of 0 from definition lies between +iir and -Jir. 

Note 2. If 0 } bo complext then also wo have 
tan"‘a;“a;-iaj® + |a;* — 

provided the modulus of x is less than 1 and the real part of tan'^a; 
lies between -Jvand 

For the proof see Ohap. XI, Bromwich’s TJieory of Infinite Series. 

72. JjT nn - < 0 < n« + in, prove that 

e-nn^'tan tan^B + i 

Let 0^nn^<l>, BO that - ijt < <#> < + i;i 

and tan B ■■ tan (m + <^) *= tan 

Hence, as in the previous article, 

<f> = tan ^ - i tan®^;^ + i - 

/. 8-nn-tan 6-"i l»an®8 + i tan®fi- (3) 

Obo. This series may be considered as more general than Gregory’s 
series, since it is applicable to the case w'hen 0 does not lie between 
— iir and +ir, Gregory’s series is obtained from this series by putting 
n«0. 

Note 1. Examples of particular cases. 

(i) If 0 lies between fir and Jir, i.e., between 2r- Jr and 2w+ir 
the relation (8) becomes 

8-2r-itan 8-J tan®8+i 

(ii) If 0 lie^B between -Jr and i.«,, between -ir-^ir and 

vtfi have *■>-!, and the relation (3) becomes 
d+w«>tan d- J tan*d+i tan*d 
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Note 2. If B lies between wir+i** and «T+}ir, tan B is numerioally 
greater than 1 and hence the expansions of log (l±i tan B) do not hold 
and consequently there is no such relation as (3) of Art. 72. 

78. Evaluation of jr. 

Different mathematicians have used Gregory’s series in 
different ways for the calculation of the value of n. 

Putting 0 * in Gregory’s series, we have 



This series may be usod to calculate the value of n ; but 
as it is very slowly convergent, a very large number of 
terms would have to be taken to obtain the value of n 
correct to any great degree of accuracy. Hence, different 
mathematicians have given different series. 

(i) Euler's Series. 

tan"^i + tan“^i *= tan*^ 


= tan“^l- 2- 
a 

Hence, putting successively i and i for x in the series 
(2), we have 


■■tan"H + tan”H 


fl 11,11 1 , fl 1 i. 1 X V 

12 " d 5 2 *" ’ ] 13 " 3 3 ® 5 3 ® ‘ / 


ai) Maehin's Series.* 

Since, 2 tan“ = tan” ^ ^ 


and 4 tan”^l ■■ 2 tan”^ = tan"^ 




1-1% 

Hi, as before. 


*ln 1706, /. Machin (1680-1751), Professor of i^tronomy at 

Gresham College, London, obtained the value of t up to 100 places of 
decimals by usi^ the above series. 
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“ tan"^ifS - tan"^ -si-g 
n 

V 

Now, substituting successively, i, for x in the 
series (2) the Machin's series for ^ is obtained. 

(ill) Dase'i Seriei. 

Since, tan“^ J + tan"^i = tan""^^, [ hy Art. 23. ] 

. ’ . tan” ^ i + tan” ^ I + tan" ^ J = tan” ^ ^ + tan"’ ^ 4 

= tan'll = ^ • 

Now, substituting i, 4 for x successively in the series 
(2), the Base's series for ~ is obtained. 

(iv) Rutherford's Series. 

tan”^T^\y-tan”^Tr5-tan“^ i^V“tan”^ lyi-g* 

Since, ^ ^ tan”^4 - tan”^ g\g, [ see (ii) ] 

^ •“4tan”^4-' tan"^TV + tan”^-5V 

Now, substituting 4, -fg, -ig successively for x in the 
series (2), the Eutherford's series for is obtained. 


74« Ex. 1. Find the numerical value of ir to 6 places of decimals 
by" Machines series. 


We hBYe, 

T 

4 


S'S** h'li‘ 1 1339 


3''(339)* 


=4{-2-0096666+-000064-—}-0041841+- 
- ■7853983 ; 



V- 4 X '7853988- 8*14159. 
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Ex. 8. Prove that 


1 . 

8 1.3 5.7 9.11 


[ c. p. im. ] 


Putting 6 = Jr in Gregory’s aeries and noting that tan Jr“l| 
we have 

4 ^ 35 7^9 


=(^-3-)+(|-0+(9-n> 


2 2 2 
1.3^6.7^9.11^ 


Hence, 


'=.1 + \+ J -+. 

8 1.3 5.7 9.11 


Ex. 8. Expand tan"' ( series in ian 8. 

Given expression*® tan J i’tp-n dividing numerator and 

i — tan u 

denominator by cos 6, 

= tail" ' ^ tan ^ ^ ■= ?it+ ^ +9 

®=(n*f- jy+tan 8 — i tan*0 + 4 tan*(? — 


Ex. 4. If sin x^n sin (o +ic), ti < 1, expand x in a series of ascend^ 
ing powers of n. [ C. P. J9Si, '44. ] 

Since, sin x^n sin (a+a:) = n (sin a cos a;+cos a sin x), 

. j.- w- sin a sin x n sin a . 

. . tana;®*:; » or, -^n > 

1 — ncosa cos 35 1 — ncosa 




n sin o . 
1 — n oos a ’ 


or, 


ni sin a . 

** 1 - n 008 « ' , 



134 


HIGHER TRIGONOMETRY 


by componondo and diTidendo, 

^ ^ q+ni sin a 

1 — n cos a — ni sin a 






Taking logarithm of both sides, (considering the principal values 
only) 

2m; « log (1 - ne"*®) - log (1 - ne*®) •“ 

= --ne-'®-JnV“<®-inV**« + ne*®+in®e**®+in*e*‘®+- 

«n(fl'®-<!-<®)+in* (^"^® -<?•»*») + i?i» + 

**n.2i sin o + iti®. 2i sin 2a+Jn*. 2i sin 3a + 

aj^n sin a+i»^ sin 2a4‘ Jn* sin 3a + 

Ex. 5. If B he an angle of a triangle ABO less than prove that 

B» ~ siw 0+ i \ sin 20+ sin 30+ 

a 2 a oa 

We have, 

sin H « sin « ^sin(B + 0). [ \* i4+B+C=x. ] 

a a 

Sinoe this is of the form 

sma;«n sin (sc+a), 0, n« -J 

henoe, as in Ex. 4, we get 

B« sin C+'l sin 20 + ~ sin 30+** 

Ex. g. If fan (^ + ^) cos 2i3 * tan prove that 

sin 2^+i tan*fi sin 40+ J tan^^^sin 60+ * 
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• tan»fl = !^) r *“® * 

' • l+cos2;3 tan(» H^)+tan0 

*8in (^+0+0)’ 

.*. sin ^atan*/3 sin (B + 2<f>), 

Sinoe this is of the form of sin sin (x + a), hence, by Ez. 4, 
above, the required expansion follows. 


£z. 7. If tan flj»n tan y, find a series for x. [ C. H, 193!>, *42, ] 
Here, 


(X-n)«***' + i+n 

where it* 

, • . 2ix » 2iiy+log (1 + *'*') -log (1 + 


kf k* 

sin 2 y +-2 Bin4y-'j- sin 6p-J-* 


ofx* 


Similarly, a series for y can be obtained. 

El. 8. Expand s^* eos hx and sin hx in series of ascending powers 

«•* OOB J 


81 
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Tho coefficient of ^ + {« »6)_, 

52 n t 

Let a»r COB 0 ; 6*=r fiin 0 ; then (a+»6)" + (a-»fc)" 

«r* (cos 6 + » sin d)" + r" (cos d-i sin d)"«2r" cos n0 

[ by De M(nvre*8 TJieorem. ] 

. * . coelffoiont of sc" 

n i 

C®*“ cos + f COB 0.X'h^--—-^-X^-{- , 

where r* hja^ + h'^ and tan ^ • 

a 

e®* Bin 6aj«e®'~ 

[1 4- (a + %b)x + «*+••• 

Ab before, cooflioiont of a*® ~ ^ 

* 2» n t 

s y* sin n0 

** 2* n I " ] 

/. «** sin 6a«r sin ^ a+ - a* + ••••• 


EXAMPLES X 


1 . 


If ^ lies between in and |;i, show that 
^ - cot ^ + i oot i oot®^ + • 

[ Pui (iw-^ for 0 in Oregorjf$ series ] 
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2. Show that 

(i) «=2^/5 [i-^ + ~,-^ 3 s + -]- [c.prms.] 


[ C. P. 1945, '47. ] 


«_17 713 ^ 

4 21 sixaia"^' 

,(-l)-+M. 2 


, (-1)"-*-^ f . 2 , 11. 

[ (iii) Break up every term of the series as in ( iij. ] 

'W 12 - (> - 3?) - i (‘ - 3») * I (l - p) - 

[ a P. 1949. ] 

8. If a: be <; ( v/5 - 1), prove that 

2{a: - iar* + \x* ) 

2® _ 1 / 2!r_\® . 1 / 2a- . 

“l-a:* 3 Ai-V) 5 A1-X*/ 

4. If 0 < 0 < i:x, prove that 

X - 1 1 ~ cos 6 ^ a ^ 

2"3 2 

6. If tan a; < 1, show that 

tan*® - J tan*a? + J tan^a? — • 

- sin*a? + i sin^a? + i sin^a? + • • • 


6 . If 0 < in, prove that 

(i) log sec 0 -* i tan*0 - i tan*0 + i tan®0 - • •• 

[ C. H. 1937. ] 

(ii) i sin*20»=2 tan’*0 — 4 tan^0 + 6 tan*0- ••• 
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7. (i) Expand log (sec x + tan x) in ascending powers of 
sin X, ^ 

(ii) Expand log cos x in ascending powers of tan x, 
when X lies between ± in. 

8. (i) Show that the coefficient of x^ in the expansion 

of cos X in powers of x is cos [ 0. E. 1929. ] 

(ii) Find the coefficient of in the expansion of 
e®* sin hx + sin ax in powers 6i a;.j [ C. H. 1943. ] 

9. Eeduce tan“^ (cos d + i sin B) to the form a-hib and 
hence show that 

(i) cos 3-i cos 30 + J cos 60- ••• “ ± 7 * 

4 

[ 0. H. 1931. ] 

(ii) sin 0 - J sin 30 +i sin 60 - ••• 

“ 2 l°®{±*a“(i + i)} 

the upper or lower sign being taken according as cos 0 is 
positive or negative. 

10. If tan 0 “■ — » prove that 

1 + a cos a 

-9 a® 

0-a sin a- y sin 2a + ^ sin 8 a-**' [ C. P. 1951,] 

[ This is only another form of Ex. 4 worked out. ] 

11. Prove that 

tan-'® . tan^^y , tan"^;? 1.1 1,1 

where x, z are the three cube roots of unity. 



GEEGORY'S SERIES 


139 


12 . If 0 be a positive acute angle, prove that 

(i) log tan (iw + (sin O-J sin 80+i sin 50- 

(ii) log cos 0 = - log 2 + cos 20 - J cos 40 + i cos 60 - ••• 


where c = 


(iii) log ^2 cos®0 + 5‘'“ sin*0 

- 4[c sin®0-ic* sin* 20 + ic® sin” 30- ’’‘I 

a-6 


a + b 


(iv) log (l - 2x cos 0 + a;*), where - 1 < x < 1, 

*« - 2(35 cos 0 f ix^ cos 20 cos 30 + ••*). 

[ a P. 1942. ] 

13. Prove that 

(tan”^®)* = X* - i(l + 4)x* + Kl + i + i)®* * 
where x lies between ±1. [C. II. 1939. ] 


14 . Prove that in any triangle, 

log - « (cos 2A - cos 2P) + (cos 4-4 - cos 4B) 
a J 

+ I (cos 6il - cos 6B) + "• 

16 « Given that y = log tan ^ ^ ^ + •••, 

show that X ■» y - + Csy* [C. P. 1941 ; C. H. 1933. ] 

16 * (i) Prove that log (l+f tan 0) - log sec 0 4-f0 and 
hence deduce the expansion for 0 in powers of tan 0. 

(ii) Prove that log (l+ix) = log tan'^x and 

hence deduce the expansion of tan'^x in powers of x. 
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17. Find the sum to infinity of 

f-) 7_ 19 31 

i.3.6 5.7.'9' 9.11.13 
the numerators being in A. P. 

[ 2 ] 

18. Find the sum to infinity of« 

Ja;® + + ... 

19. When both 6 and tan“^ (sec 6) lie between 0 and in, 
prove that 

tan”^ (sec + tan® ^ ^ ^ tan®-^ + —tan^^ ~ - ••• 


20. In any triangle when a < c, show that 

cos nA 1 , na „ , n(n + l) a® i_ 1 

sin n { a . ^ . n + 1 a® . . \ 

~ iT" ' “ \ c 

21. In any triangle where a > b, show that 

log c = log a cos C- -r ~2 cos 2C- « -a cos 3u 

a 2a oa 

[ C. P. 1942. ] 

c*“a*+6®-2a6 cos C»a* ^1- J 

22. Expand in a series of sines and cosines of multiples 
of X 

(i) log (a cos « + 6 sin x), 

(ii) log cos|ir+ ^ j* 
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28. Show that if x lies between ±1, 

log (tan""^®) - log a: = ~ + iSa?* 

24. If tan = 2 tan *1 » prove that 

I (cA - 0) = sin e + 2 ga sin 20 + g-ga sin 36 4- ••• 

26. If the roots of the equation o.®®+6ir + r = 0 be 
imaginary, show that the coefficient of in the develop- 
ment of (aaj® + bx’\‘ in powers of x is 

sin (?i + sin ©}, 

where 6 is given by 6 sec 0 + 2 Jac^O. [ C. II, 1A31, *39, ] 

26. If tan — » n < 1, prove that 

I - n cos a 

a; = n sin a + in^ sin 2a + in^ sin 3a + • • • 

L a P. 1939. ] 

27. If tan 0 = a; + tan a, prove that 

0 = a + « cos®a - \x^ cos a sin 2a - cos®a cos 3a 
+ JiT* co8*a sin 4a + ••• L 0. II, 1940. ] 

28. If cot 2/ “ cot a: + cosec a cosec x, show that 

y^sin X sin a - i sin 2x sin^a + i sin 3a? sin *a - •• • 

[ C. P, 1938. ] 


ANSWERS 

7. (i) sinaj+J Bin*a;+i sin*a;4'*- 

(ii) — i tan*a?-t-i tan^®- J tan’x+*** 

8. (ii) tan"^ ^^ + 8in tan*' | jj 

1 + j 

17. (i) 2 tan-' J. (ii) 18. 1 1<>8 

82. (i) log J i^(a® + 6*)+ cos 2 (a!-a)-i cos 4 

+ J cos 6 (®-a)- , where tan a** 

(ii) -leg 2* sin 2aJ+J cos 4®+| sin 6®-i cos 8®-! sin 10»+«** 
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SUMMATION OF TRIGONOMETRICAL SERIES 

75. Method of Difference. 


When the rth term of a trigonometrical series can be 
expressed as the difference of two quantities, one of which 
is the same function of r as the other is of (r + 1), the sum 
of the series may be readily found as illustrated in the 
Examples 1 and 2. 


Ex. 1. Find t)i>e swni of the series 

(i) cosec 9 ■¥ cosec 29 + cosec 2*9+ + cosec 2"“*^. 

[ a P. 1936. ] 


/ . .% sin X ^ sin 

' sin 2x sin Sx sin Sx sin 4x 


“ + 


sin X 


sin 4^ sin 6x 


+ ••• to n terms* 


(i) We have, cosoc 9 


1 ^ ain i9 
sia 9 sia sin 9 


sin (9 — i9) sin 9 ooa i9 — cos 9 sin 
sin sin 9 ” sin ^0 sin 9 


= oot i^ — cot 9, 


Thus, coseo 9 = cot JS — oot 9. 

Similarly, ooaec 29 * cot 5 — oot 29 
00860 2®^* oot 25— oot 2*5 


coseo 2"“ ‘5 « cot 2"“*^— oot 2"* *5. 
by addition, the required sum 

■soot J5— oot 2*“*5, 
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(ii) Here, rth term 


sin (r+ i) ® sin (r+2)» 


sin {fr + 2) - (r + 1)V 
sin (r+1) X sin (r+2jaj 


^ sin (r + 2) x (r + 1) * — cos (r + 2) ® sin (r + l)a? 
sin (r+ 1) X sin (r + 2)a 


=jDot (r + l)x — oot (r + 2)x* 


Putting r»l, 2, and adding, the sum of the required series 

would bo found to bo 

ool 2x — oot (f^+ 2)a;. 


Ex. 2. Find the sum of the ser ies 


tan" 


+te«-‘ 


Here, rth term-ten- -^-^^-»^-^5 = ten- 

« tan" ^ (r + 1) a — tan* Va;. 

/. putting r*l, 2, 3,.., we have, 

<»n-‘ = 2x-ten-ir 

ton'* Sa-ten"* 2ae 


by addition, the required sum 

*= tan" ‘ (n + l)sc — tan" ‘®. 

7®. Sometimes the rth term of a series, when multi- 
fiUed by a factor, can be expressed as the difference of two 
quantities one of which is the same function of r as the other 
is of (r + 1). It is illustrated in the following two oases. 
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(i) Sum of sines of n angles in A. P. 

Let the angles in A. P. be a, a + j5, a + 2)3,. . . ja + (n - l) 
the first term being a, and the common difference, p. 

Let S denote the sum of the series 

sin a + sin (a + ^) + sin (a + 2)3) + + sin {a + (n - l)^}. 

Multiplying each term of the above series by 

2 sin (half difference) i.e., by 2 sin J)3, we have, 

2 sin a. sin ip = cos (a - ip) - cos (a + ip) 

2 sin (a + P). sin ip = cos (a + ip) - cos (a + sp) 

2 sin (a + 2)3).sin ip = cos (a + ip) - cos (a + ip) 
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(ii) Sum of cosines of n angles in A. P. 

As before, let 8 denote the sum of the series 

cos a + cos (a + jS) + cos (a + 2/3) + ■• • + cos + (w l)i3}. 
Multiplying each term of the above series by 
2 sin Oialf difference)^ we have 

2 cos a. sin 4^ = sin (a + 4)3) “ sin (a - 4)5) 

2 cos ia+ p) • sin 4/3 ~ sin (a + ip) - sin (a + 4)3) 

2 cos (a + 2p ) . sin 4^/3 sin (a + ip) - sin (a + ip) 


2 cos }a + (« - l)/3j. sin ip 

. I ^2h- 1A . / ^2n-3A 

= sin^a+ 2 
Adding vertically, we have, 

2 sin ip . S = sin |a + - -/jj - sin ^ ) 

=- 2 cos |a + ^ sin 


sin^ 

/• S- ;r*cos 


sin 


i 




Cor. Putting /3 = a, we get 

. na 

. . o . . 2 n+1 

cos a + cos 2a + cos 3a + ••• + cos na = ' cos «• 

o 2 

sin 2 

Note. The sum of the cosine series may also be deduped from that 
of the Bine series by ^nriiting a + ^ for a. 


10 
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77. As an aid to memory, the two formulee of the 
last article may be expressed verbally as follows : 


Since, 


. w 1 « a + a + ~ l) i5 

2 


•*• Sum of Bines of n angles in A. P. 

. n. diff. 
svyv — — 

2 . first angle + last angle 

. diff, 2 


stn 


2 


Sum of cosines of n angles in A* P. 

. n, diff. 


sin 


2 first angle + last angle 

:dW'^" 2 




Note. From tho abovo fornmlso, it is clear that if sin bQ, then 
the sum of the sine series as also tho sum of the cosine series is zero. 
Now, if sin ^**0, then ~=/rar, or, = whore h is an integer. 

Thus, Die sum of the sines and tlie sum of the cosines of n angles in 
A. P. are each equal to zvfu uhen the eommon difference nf the angles 

f IT 

is an even multiple of • 


Ex. 8. Find the sum of n terms of the series 

sin a — sin (a + /3 ) + sin (a + 2.8) — • •• [ 0. P. 2988, *39» ] 

Since, sin (ir+8)= - sin 6 ; sin (2r+8)«Bin B ; etc. 


. * . the series is oq ual to 

sin tt+sin (ir+a+/8) + 8m (2r+a + 2/3) + 

ije.t equal to a series in which the common difierence of the 
is p+v and the last angle is a + (n-l){j8+ir), 
njfi+v) 


angles 


sin ' 


8 * 


8 


-.Kt 
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Ex. 4. Find the sum of the series 

sm^B + sin^ 2d + sm* S^ + -«+sin® nB» [ (7. P. 1924^ ] 

Since, sin^d^JU-cos 2tf) ; siu^ 2(? = J(l-cos 40) ; etc. 

. * . the given series = J(l — cos 20) + J(1 — cos 40) + • ■ • + J(1 - cos 2n0) 
=• 2 “ !■ 20+003 40+-" + cos 2»i0) 


n 

2 


'2 sin 0^ (n + l)0 by Art 76. 


78. C+iS method of summation. 

When the snm of a finite or infinite series of the form 


ao-^a^x^-a^x^ ± ••• (l) 

is known, we can obtain the sums of the two series of the 
form 

ao + a I cos Q + a-a cos 26 + ag cos 30 + (2) 

and ax sin 0 + aa sin 20 + aa sin 30 + (3) 

Let f{x) denote the sum of the series (l), and C denote 


the sum of the series (2) and S denote the sum of the 
series (3). 

Now, C + iS 

- ao + (cos B + i sin 0) + aa (cos 20 + i sin 20) + ••• 
= ao +aiC*^ + a20"*^ + *** 

=/(e*^). ••• ••• (4) 

Similarly. C-iS=fie''*^). (5) 

Adding (4) and (5), C = +/(fl”*^)]. 

Subtracting (5) from (4), 5 = ~ [/(0^^)^/(0"*O]. 

Cor. The sum of the two series of the forms 

ao cos a + ai cos (a + 0) + Oa cos (a + 20) + ••• (6) 

ao sin a + ax sin (a + 0)+aa sin (o+20)*+ ••• (7) 
can also be obtained by the above method. 
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Note 1. If 0 be real^ then G and S can be obtained by expressing 
f(e^) in the form A + %B and then equating real and imaginary parts 
from ljulh sides of the relation (4) ; then and 

Note 2* The cosine and sine series of Art. 7G are particular cases 
oC series (0) and (7), when aot etc. are all equal to 1, and 6 = {i, 

Ifenoc, the cosine and b%ne scries of Art. 70 can also be summed by 
this method. In this case, 

C-i = f c**® t W) ^ iq ^ terras 

which is a series in (>. V. the first term being e*® and the common 
ratio , 


Ex. 5. Sum the senes 

cos 5 — i cos 20 + i cos 30- ad vtf (-** < 0 < t). 

[ 0. r. 1939, *4o, ^48. ] 

Let C*= cos 0-J cos 20 + J cos 30- •••••• 

(S«sin 0-J sin 20 + i sin 30- — 



••x-ii’ + ia*- [riitt5nc* = e'* 1 

“log (1 +«•)•• log (14 ••• (1) 

Similarly, C-iS=log (l+«*‘*). ••• (2) 

Adding (1) and (2), 20=log (l+e**)4-log (l4-«"‘*) 

“log Ul+.‘*)(1 +«-•*)] 

-log {l+l4-«‘*4-«"**y 

“log (2+2 cos 0)“log (2.2 cos® J0) 

“log (2 008 J0)® “ 2 log t2 cos 10). 


C (i.c.i the required sum) “log (2 cos 10}, 
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Note 1. The above series can also be summed in the following way. 
Writing down the earponontial values of cos 0, cos 2^,' cos 30 etc. and 
re-arranging the terms, the series may bo written as 

J(® - + J** — •) + iO/ - i//’ + • - ). 

[ whore x = and jy ** c ] 
or, = J log (l+a;) + J log (l + j/) 

i log (l + J log (l + c « etc. 


Note 2. Where B is real, the sum of the series can also be obtained 
thus : * 

C+iS = log (l + c*^) = log (l + cos 0 + i sin 0) 

“log (2 cos'^ J0 + 2i sin J0 cos i0) 

“log {2 cos J0 (cos j0+i sin i0)Hlog {2 cos 

“ log (2 cos J0) + log “ log (2 cos J0) + • 

t£ 

Now equate the real parts. 


Ex. 6. Sum the series 

l+a- cosO + x^ cos 20 + ’ + «”"' cos (n—l)0. 

Let C“l+®co3 0 + x^ cos 20 + +a;""‘ cos (n-l)0 ; 

S=x sin 0 + a:* sin 20 + + a;""‘ sin (n-l)0, 

0+iS-l+s«’*+a*e®"’+ +*’■-*«(» -W*«. 

This is a series in G. P, 


its sum 


r- ■ 


Multiplying the numerator and the denominator of this sum by 
we have, 


C+i<3* 


( 1 — xe* ®)( 1 — *« ~ **) 


1 — Q/i. rsno e4-rt»* 
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Now, the denominator is real and the numerator when simplified 
will be found to consist of a real part and an imaginary part. Therefore, 
equating the real parts, wo get 

as cos 0—x^ cos + cos {n — l)B 
* 1-2xcos0 + £c“ 

Ex. 7. Sutn tlie series 

cos a + 2 cos (a+)3) + 3 cos (a + 2/3) + ••• + n cos {a + (n - l)/3j. 

[ C. H, 1914, ] 

Lot Urt denote the rth term and S deiy)tc the sum of the given series. 

Now, 2 cos /3.Mr = 2 cos /3.r cos {a+{r-“ l),dV 

* r [cos (a + rp) + cos {a + (r - 2)p}]. 

putting r^i, 2, 3,...n and adding together, we got 2 cos p.S, 

Now, subtract 2 cos p.S from 25 ; then 

25(1 - cos p) = (n+ 1) cos {a + (w - 1)/3} - cos (a - - n cos (a + np). 

Dividing by 2(l~coSj8), 5, the sum of the required series would 
bo obtained. 


Note. Similarly the sum of the series 

sin a + 2 sin (a+/8) + 3 aIu (u I 23) 1 
would bo obtained. 


> 4 n Bin {o + (n“l)/ ) 

[ 0. IT. 1922. ] 


EXAMPLES XI 

1. Sum to n terms the following series : 

(i) sin a + sin I a + ^ J + sin | a + + 

[ C. P. 1932. ] 

(ii) 008 a +COS |a +^| + C08|a + ") + 

(iii) sin a - sin 2a + sin 3a - 


[O.P. 1929 .^ 
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(iv) cos*a + cos®3a + C08*5a + ••• [ C. P. 1930. ] 

(v) sin®a + sin® (a + ^) + Bin® (a + 2)3) + ••• 

[ G. P. 1931, *37. ] 

(vi) Bin*a + Bin*2a + Bin®3a+ ••• 

(vii) sin^a + sin* 2a f sin*3a + 

(viii) sin 30 sin 0 + sin 60 sin 20 + sin 120 sin 40 + ••• 

(ix) sin®a+^sin® 3a + ^ sin®3®a + g\ sin®3®a + "- 

(x) sin {p + l)a cos a + sin (p + 2)a cos 2a + ••• 

C C. P. 1933. ] 

(xi) sin a sin 3a + sin ° sin ^ 4- sin ^^2 sin + • • • 

[ C. P. 1936. ] 

(xii) cos 0 cos 20 + cos 30 cos 40 + cos 50 cos 60 + '•• 
(xiii) sin « cos x - sin 2x cos 2x + sin 3a? cos 3a? - ••• 

(xiv) sin®0 sin 20 + sin®20 sin 30 + sin®30 sin 40 + •■• 

[ C. P. 1941. ] 

(xv) /s/i + sina+ s/l + sin 2a + Vr+8in3a + * ‘ 

[ C. H. 1941. ] 


2. Prove that ; 

(.\ sin 0 + sin 30 + sin 50 + to n terms ^ 

^ cos 0 + cos 30 + cos 50 + to « terms ^ 

(ii) sin®a + sin® ^a + + sin® |a + + • • • to n terms 

= in, except when n = 1, or, 2. 

8. Find the sums of the series 
(i) sin a + sin 2a + sin 3a + to n terms, 
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and (ii) cos a + cos 3a + cos 6a + •••••• to n terms. 

Hence, deduce respectively the sums of the series 

(iii) 1 + 2 + 3 + ton terms. [ C. P. 1961» ] 

and (iv) l® + 3*+6^ + ton terms. [ C, P. 1942. ] 

4. (i) Sum to n terms the series 

sin a sin 2a + sin 2a sin 3a + sin 3a sin 4a + • • • 
and (ii) hence deduce the sum of the series 

1.2 + 2.3 + 3.4 + •*• to n terms. [ C. P. 1940, ] 

6. If p be the exterior angle of a regular polygon of 
n sides, show that, ' 

(i) sin a + sin (a + jj) + sin (a + 2)3) + ••• to n terms = 0. 

(ii) cos a + cos (a+)3) + coB (a + 2)3) + --- to n term8 = 0. 

2ir 

[ Heret /?=— • Nowt use note of Art* 77, ] 

H 

6. Show that the sum of the series 

cos a + a? cos (a + /?) + cos (a + 2^) + • • • ton terms, 
where np = 2n and x is one of the nth roots of unity, vanishes 
with two exceptions, and find the sum in these two cases. 

7. Sum to infinity the following series : 

(i) cos 0 - J cos 30 + J cos 60 - [ C. P. 1940. ] 

(ii) sin a + ^ sin 2a + sin 3a + 

^ . cosec 0 rt,. . cosec* 0 , 

(in) cos 0 + — Y* j cos 20 + — 5^ — cos 30 + • • • 

(iv) 2a; cos 0 + ^^^os 20 + ^ cos 80 t 
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(v) 1- ^ oos 0 + J't cos 20-l-j'^ cos 3d + -”, 

a JA HA.o 

where 0 lies between ±n. [ C. ff. 1931, '39, '41. ] 

[Bare, C+iS={l+c**)-‘ ] 
a?® 

(vi) sin a + a; sin (a + j5) + sin (a + 2)5) + 

[ C. H. 1940. ] 

(vii) sin 0. sin 6~ % sin 26, sin®0 + J sin 39 sin®6 

(viii) 2 cos 9 + f c(>L^9 + f co8®9 + | cos^9 -I- 

(ix) 2 tan 9--J tan®0+y tan®9-^ tan^0 + 

(-Jji<0<}7t) [C. P.1942.] 

(x) sin 0 - i sin 20 4- ^ sii^ 30 - ( - j* < 0 < ;i) 

[ C. P. 1941, ] 

(xi) cos 0 cos 0 4 cos®0 cos 20 4- co8®0 cos 30 4- **‘(0^^n7t) 

/ ..X - . , cos 2x , COB 3a; , 

(xn) 1 + cos X + ““3 P 

(xiii) c cos a - 4c® cos 2a I- Jc® cos 3a - (0 < c < l) 

(xiv) m sin®a - Jm® sin®2a + 4w® sin®3a (0<7?t<l) 

[ C. II, 1936, ] 


M sin X sin 2t , sin 3a; 

3P- + 5— - 

jt 7t n 


(xvi) oos a; sin a; 4- 4 cos^x sin 2a; + 4 cos®a; sin 3a;4-*‘- 

(0 < a; < ni) 


8. Sum to n terms the series : 

(i) tan a + 2 tan 2a 4- 2® tan 2*a + 

[ ian 2'^a»rCot 2''a“2 cot 2*^*o ] 

(:i) 1 * + 4. 4. 

^ ^ sin 0 sin 20 sin 20 sin 30 sin 30 sin 40 
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(iii) 


COS a + cos 3a 


1 _. -+ 1 - 

COS a + cos 6a cos a + cos 7a 


[ G. H, 1936. ] 


(iv) tan“^^ + tan“^^ +tan + 


+ tan“^ 


1 

1 + n(n 4- 1) 


(v) tan"^ ^ + tan + tan" g* + ••• 

[ C. H. 1937. ] 

[ tan"^ = (2r+lf— ^an“' (2r“l) ] 

(vi) s/l + sin2a+ \/l + siQ 2{a + /?) 

+ Jl + 8^n 2(a+2j3) + •*• [0. H. 1926. ] 

[ sin 0 + CO5 s/2 nn (^+}ir) and 14- sin 20 = (.sin 6 + cos 0)® ] 


(vii) tan-^ 1 + 2V2’ 


+ tan-"l + 3+-3. + ' 

(viii) oof"^ (2.1”) + cof^ (2,2®) + cot"^ (2.3®) + ••• 

[ G. H. 1948. ] 

[ (2r*) = ^an‘* ; compare Ex. 8{t^ ] 


(ix) cos 0 + 2 cos 20 + 3 cos 30 + "* +« cos ?i0. 

[ Multiply Hie series by 2(1 — cos 0) ; c/. Ex. 7, worked out. ] 

(x) cos X cos 2fl; cos Sx + cos 2x cos 3£r cos 4a; + **- 


(xi) 2 sec e + ^ sec 9 sec 29 + ^ sec 9 see 29 see 2*9 + 

[ C. H. 1984. ] 
[ 1st tenn^sin 0 (co< 0-cot 20) ] 
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9. Prove that 

(i) log cos d + log coB~d + log cos ^ d + * '• fco inf. 


*log 


sin 20 
20 


fiin 0 1 

e J 

*'* to inf. “0. 


Use Lt C05 ” Bxos 0xo$ 

(ii) cos iyr + J cos ^ cos + • 

[ 0 + tN * - log (1 - <?*^)» where 0 = Jir ] 

(iii) 2(cos®rc-' i sin''*2a; 4- ^ cos®3a?“ i sin®4:r + *•• to inf.) 

“ log (cosec a*), if £C ^ nn. 

to inf. - iC, 


/. X c sin P . 1 sin 27?. 1 c® sin 37? 
M o-oi+i,)*- + 


a + b ■ 2 (a + 6)® " 3 {a + h}^ 


where b, c, P, C denote the sides and angles of the 
triangle ABC, 

10. Sum the series 

tan ir+^tan-aJ + ^tan^jj »• + ••• tan ^n-i a*. 

and find its limiting value when n is increased indefinitely. 

[ C. IL 1032 ; G, P, 1033, '44. ] 

[ tan x^cot x — 2 cot 2x. ] 


11. Sum the series 

tan X tan 2aj + tan 2a; tan 3a; + + tan nx tan (n 4- 1) a; 

and hence deduce the sum of the series 
1.2 4-2.3 4- 4-n(w4-l). 

12. Sum to n terms the series 

14-2 cos 0 4- 2 cos 20 4- 2 cos 30 4- 

If this sum be denoted by a», prove that 

01 +02 sin® J«0 cosec? i0. 

[ 0. H. 1928. ] 
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18. If P = sin 8 + sin 38 + sin 60 + to n terms, 

0 = oos 0 + cos 30 + 008 50 + to w terms, 

and if a right-angled triangle be constnicted such that the 
sides which include the right angle are of lengths P and Q 
respectively, prove that the length B of the hypotenuse can 
be had as a rational function of cos 0 of degree n - 1. 

Also obtain the actual expression for B when n = 6. 

[ C. H. 1930. ] 

14. If Sn be the sum to n ternfs of the series 
sin a? + sin 2a; + sin 3ir + , 

prove that Lt ^ j cot 4 a*. 

n-^cx3 n 

16. If <; = cos*0 — 4 cos^O cos 30 + 4 cos^'O cos 50“ *, 

show that tan 2c = 2 cot^'O. [ C. H. 1934^ *40. ] 

16. A regular polygon of n sides is inscribed in a circle 
of radius a ; prove that 

(i) the sum of the lengths of the perpendiculars drawn 
from the angular points to any diameter is zero ; 

(ii) the sum of the lengths of the lines joining any one 

vertex to each of the other vertices is 2a cot ” • 

2n 
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• (v) 


if 


(vi) 7^3 



sin ^3a+^^-^'3/9^ 


• H 
smP- 

sin^ 

} 

. n4-l . iitt 3(n-H) 3na) 

sm a sin — sin ' ^ ' o sin ^ - ' 


sin ~a 

. 3 

Bin -« 



4 cos (ti4-l) a sin , cos 2 (hjM) a sin 2na\ 


Bin 2a 


-r 


(vii)-|{3n 

(yiii) l-loos 20 -cos 2"+‘e^- (ix) ^ js" sin o-sin D* 

(x) I si*i (n+p+1) a + n sin pa |- 

(xi) 0. 

M !-<* Ills 1)0. 

(««) 2- i(n- l)(2x+x)). 

(xiv) i (« + 3)fl-f sin i (»-!)«) 

1 Bin J (3«4 6)0 , ^7i0 


sin ^0 


/ V sin in a f . n + 1 , ^ it 4- 1 1 

liiV r“ ~r »+o°‘>"4-“r 


« / \ si*i i^a n+1 ^ 
^ ' sin ia 2 


(ii) 


Bin 2na 


2 sin a 

(iii) Jn(n+1). (iv) i{(2M)*-2»y. 

4. (i) 7 - 4 — {(n+ 1) sin 2a - sin 2(n+ l)a}. (ii) Jn(n+ !)(«+ 2). 

^ ' 4 sin o " ' 

ML 2ir • 2sr 

6. “ (oos aTt sin a), for cases namely, a:«coB -- ±i sin 
2 ' n ft 


2 ^ 

7. (i) ±ir. 


/,.x 4 sin a 


(ili) «®“*'c08(l + tf). 
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^/2 cos ie 


(vi) e* ^ sin (o+aj sin /S). 


(vii) tan-* g- (Viii) -log (l-cos 9). 


(ix) sin ^ cos 0 + 0. 
(xii) * cos (sin x). 


(*) J9- (xi) 0. 

(xiii) J log (l+2c cos o+c’). 


(xiv) Jlog- 


ijl+2m cos 2o+j»''‘ 


l + 2ir cos aj+ir ** 


(xvij Jir-a;. 


8. (i) cot a— 2" cot 2“a. (ii) {cot 0-cot (it + 1)0}. 

(n+l)a-tan a}. (iv) tan-* 

tj2 sin ^ f , , 

(v) tan-* (vi) — Bin [a+\- 


sin 


(vii) tan"^ 


(viii) tan“^ “T“i* 
n + 1 


/. X ( 11 + 3) cos 170 — « cos (n + 1)0- 1 
2(l-cos 0) 


W 1 fsin Jna; ij+B^ f, . „ . « 1 . sin #na? B(tt + B) 1 

U sinV —*■ 1^+2 cos 2*1+ cos — 


(xi) cos 0 - sin 0 cot 2" 0. 

1®- not 5^-2 cot 2aj ; ^ -2 cot 2x. 


. 2 «-l. 

Bin -- -“ 0 


11. cot * tan (tt+l)ir-(n+l) ; la. | 


sin ^9 


18. 16oos*9-12oos'9+l. 



CHAPTER Xn 

HYPERBOLIC FUNCTIONS 


79. Definition of Hyperbolic Functions. 

In analogy with the exponential values (e** - c“**) 

and + of sin x and cos a*, the functions 
and + e“®) (x being real or complex) are called the 
hyperbolic sine and hypeirbolic cosine of x and are written 
as sinh x and cosh x respectively ; the other functions are 
defined thus : 


sinh X = ; cosh x — i(e® + 6 ~ ®). 


tanh X 


sinhjr 
cosh X 



coth X ■ 


tauh X 


cosech X = — ; sech x = — \ — 

sinh X cosh x 

Note 1. From tho definition, it follows that 

e^Kcoeh x*f sinh x and e^^aBCosh x^sinh x. 

Note 2. Just as the ordinate and abscissa of a point P on tho 
oixcle are denoted by a sin 0, a ooa 0, so tho ordinate and 

abscissa of a point y on the rectangular hyperbola ic® — may be 
denoted by a sinh 0, a cosh 0, Thus, the hyperbolic sine and cosine 
have the same relation t3 the rectangular hyperbola, as the sine and 
cosine have to tho circle. For this reason the former functions are 
called Hypoibotte functions, just as the latter arc called Circular 
functions. 

80. Hyperbolic Functions expressed in terms of 
Circular Functions. 

Since, for all values of 0, we have 

sin 0 = ^ and cos 9 = 2 
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hence, putting ix for 8, it easily follpws that 
- |(e* - e ~ sinh x 

and cos ix “ + e“®) = cosh a?. 

Thus, sin ix <- i sinh x 
cos ix cosh X 
tan ix-i tanh x. 

Thus, the hyperbolic functions of x are expressed in 
terms of circular functions of ix by following equations : 

sinh ic = - i sin ix ; cosh x - cos ix 
cosecli a; = t cosec ix ; seoh x - sec ix 
tanh a: — - i tan ix ; coth x^i cot ix, 

* 81. Formulae of Hyperbolic Functions. 

In general corresponding to most of the trigonometrical 
formula? involving circular functions, there are formulae 
involving hyperbolic functions. A list of some such formulae 
is given below 


cosh^x - sinh^x — 1 

- (1) 

sech^x + tanh^x ■■ 1 

... (2) 

coth^x - cosech^x -• 1 

... (3) 

sinh (x±y)- sinh x cosh y ± cosh x sinh y 

... (4) 

cosh (a? ± y) = cosh x cosh y ± sinh x sinh y 

... (5) 

. , \ tanh X ± tanh y 

tanh (a;±y)=^ , ^ . u 4 , u 

1 ± tanh X tanh y 

- (6) 

sinh 2x-2 sinh x cosh x 

... (7) 

cosh 2x = cosh*® + sinh*® = 2 cosh*® - 1 1 + 2 sinh*® (8) 

. , 2 tanh x 

... (9) 


sinh X + sinh.y -* 2 sinh i (a? + y) cosh i (« - y) •• (10) 
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sinh X - sinh y = 2 cosh + y) sinh J (a? - y) (11) 
cosh X + cosh y = 2 cosh \{x^y) cosh iix-y) ••• (12) 
oo8ha;-cosh y = 2 sinh i(x ^y) sinh i{x-y) ••• (13) 
2 sinh X cosh y = sinh (a; + y) + sinh (a? - y) • • • (14) 

2 cosh ® sinh y = sinh (a; + y) - sinh (a; - y) • * • (15) 

2 cosh a: cosh y •“ cosh (a; + y) + cosh (« - y) • • • (16) 

2 sinh X sinh y ■= cosh (a; + y) - cosh (a? ~ y) ••• (17) 

sinh 0 = 0 ; cosh 0=U ; fcanh 0 = 0 ••• (18) 

sinh ( - a;) = - sinh x ; cosh ( - ») = cosh x (19) 

82. The above forniulte can be deduced either from the 
corresponding formulae of the circular functions or they may 
be obtained directly from the definitions. 

Let us consider the first formula. 

Since, for all values of 0, we have 
cos®6 + 8in*3= 1 

hence, putting ix for 3, we have, 
cos®ea; + Bin*«aJ= 1. 

. by Art. 80, cosh^a; - sinh^a? = 1. 

Otherwise : 

cosh®a? - sinh®a: = ii(«® + ““ U(fi® 

= 1 . 

Similarly, the other formulae can be established. 

88. By means of the first three formulae combined with 
the definitions of hyperbolic functions, any one^ hyperbolic 
function can be expressed in terms of any other. Thus, 


11 
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if sinh x-u, then cosh x— n/I +w®, tanh x— 

coRech X, sech a?, ooth x are respectively equal to the recipro- 
cals of these values. Similarly, all the hyperbolic functions 
can be expressed in terms of cosh x, tanh x etc. 

Note. Just as can be ekprossed in a rational form by 

putting «**sin S, or oos 0, so and can be expressed in 

rational. and cosh S respectively. These 

suBstitutions aro of gre^ use in integration. < 

84. Expansions of sinb x and cosh x. 

sinh X “ \{ii^ - e“*) 


1 r 1 . a. X X 

3! 5l 7! 

cosh * “ J(c“ + e~*) 

ir,, j,®*.®*. 

-2[l + ir + 2-, + ^ + 

fT® 



1“X + 


2l 





1 





85. Periodicity of Hyperbolic functions. 

sinh \fi + 2»n») = 0 

= W-e-*). 

sinoe «***"■ = cos 2n«+« sin 2n»=l, n being awy integer ; 

. sinh ($ + 2»nw) = sinh 6. 

Similarly, cosh (6 + 22 nn) = cosh 6, 

It can be shown, as before, 

unh (6 + inn) = - sinh 9 cosh (O + inn) * - oodi 
tanh (d + inn) ‘‘tanh 0. 
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Thus, the hyperbolic functions are periodic functions 
with an imaginary period ; the period of tanh x is half that 
of sinh X and cosh x. 

86. Gudermaunian Function/" 

If cosh ?^ = sec 8, then sinh w= \/oosh^i 4 -l“ \/seo’*0-‘l 

= tan d. 

Conversely, if sinh u ^ tan 0, then cosh u = Jl + sinh*« 

= -i- tan*0 = sec d. 

. ‘ . sec 0 + tan 0 — cosh u + sinh n 

. n — log (sec 0 + tan 6) 

= log tan {In + J6), or log cot (i?* - iO), 
from elementary trigonometry, 

0 is usually called tire Gudermannian function I of u and 
is denoted by gd u ; 

80 that 0-gd u = sec“^ (cosh u) 

= tan“^ (sinh u) 

and u^gd^^d = log tan (in + i$). 

87. Inverse Hyperbolic Functions. 

If sinh then u is called the inverse hyperbolic sine 
of z and is denoted by sinh'"^z. A similar definition applies 
to cosh"^^, tanh'^j?, cosech^^jsr, sech^^z and coth”^j?. 

* Called after the name of the mathematician C. Oiidermann 
(17984851), whose researches on hyperbolic functions led to the 
discovery of the function 

tan"^ (sinh x). 

« 

t Some mathematicians call $ as the hyperbolic amplitude of u. 
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(i) Let sinh” 

then a = Binh ^ (e“ - e~*)= 2[®"“ 
e»“-2«.e*‘-l = 0. 


Solving this as a quadratic for e”, 

«_2£±^Z±i 


z±. ijz* + 1. 

«*=2«nj + log («± V«* + l). 

t 

Noting that 

, - /, « -4. 1 - + Jz‘ + 1) „ -1 

ar Jz +1 z+Jz^ + l z+ J7^ 

and that log ( - 1) = (2fc + l)ni, 

both values of u can be included in the expression 
u = mn + ( - 1)" log iz+ + 1). 


Thus, the general value of sinJr^^ 

= inn + ( - 1)^ log {z + Jz^ +l) 

and its principal value is log {z + + lX 


(ii) Let cosh” — w, 

then z » cosh ^ * 2 [ ^ ^ j 

+ 1 = 0. 

as before, e'*"‘z± 

. u- 2nni + log (2 ± ^/?^). 


Noting that «- ~ 


+ 1 
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both values of u can be included in the expression 
u = 2nni ± log 1). 

Thus, the aeneral value of cosh”^;? “ ^nni ± log {z + n/s* - i) 
and its principal value is log {z + * 


(iii) Let tanh"'2i“Z4, 
then, z “ tanh u = 


cosh 71 ^ + e" 






1+2 . 
1-J* 


2?6 = 2n7ti + log 


1 + ^ 
1-z 


u i,e,f general value of tanh"^^:' 


' nni -I- 2 log 


1+z 

l-z 


and its principal value is ^ log 


1 +z 
1-z 


By sinh'^jr, cosh^^^:, tanh ^z are usually meant their 
principal values. 


Similarly, the prhicipal values of cosech'^j?, seoh*^;? and 
coth”^5; are respectively the expressions 


log 


1+J\ 


log 


1 + Jl-i 


li .^-±1 
2 


88* Inverse Hyperbolic Functions expressed as 
Inverse Circular Functions. 

If z^Binhu^ •" ••• (l) 

then, z - sin iu, since, sinh w— - * sin iu. 
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t 

f 

Bat from fl), w = Binh“^«. 

8 inh~^«= —i sin~^(i>). 

* 

Similarly, cosh“^2:= cos'^G) 

tanh“^2;= tan“^G‘2:). 

By means of the expressions obtained for the inverse 
circular functions of a complex argument, the value of the 
inverse hyperbolic functions can be easily obtained. 

89, Ex. 1. Separate the following expressions into their real 
and imaginary parts lx and y being real) : 


(i) sin (aj+ij/). [ 0, P. 1942t *50, ] (it) cos (x+iy), [ C, P. 1931, ] 
(tit) tan (x+iy), [ P. P. 1931, ] (tv) sink (x+iy), 

(i) sin (x+iy)’= sin x cos iy + coi x sin iy 

Bssin X cosh y+i cos x sinh y, by Art. 80. 

(ii) Similarly, cos (a; + iy) = oo8 x cosh y-i sin « sinh y. 


(iii) tan (aj+t|y) 


sin (a?+ij/) 
cos (a; + iy) 


sin (x +iy) cos (x-iy) 
oos (x+iy) cos(®— tjy) 


sin 2JC + Bin Stv^sip ^x+; i sinh 
008 2»+oo8 2».v oos 2i+ca8h 2 y 


(iv) sinh (x + ty) = -i sin {i(x+iy)h by Art. 80 
« - t sin (iaj- 7 /) 

» -i (sin ias cos y-oos t« sin y) 

■* -i «in ta; oos y+i cosixsiny 
» sinh X 008 cosh x sin y* * 
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Ex. 2. Separate into real and imaginary parts the expression 

tan- ‘ {x + iy). [ C. H. 1934, *40, *46. ] 

Let tan* * (a; + ijy) = a + i)3, so that, tan (o + iji) « » + iy ; 

then, tan (a — = by Art. 47 or as can be shown by 

using (iii) of Ex. 1, above, and equating real and imaginary parts. 

. ■ . tan 2a = tan {{a + 1/3) + (a — i/3)y 

tan (g 4- i^) + tan (a — ij3) 


" 1 - tan (a + %^) tan (a - %fi} 

^ {x+iy)4‘{x-iy) ^ 2 jj 
l-(jc+i//)(aj-4?/) l-x"-?/*-* * 

2x 

tan (2i/3) = tan {(a + ifi) - (a — iji)} 

^ (x + iy)-{x-iy) ^ 2iy 
X + (ic + ft 2^) (x - ft' y) + 


“= a 


Since, tan {2i ^) « i tanh 2fi, 

^ tanh-* 


^ 2 

Henoe, from (i) and (ii), 

tan*'(® + fty)* ^ tan' 


i+a* + 35/* 


2x 


(i) 


(ii) 


2 ?/ 


2 l+x* + 2/’ 


Ex. 8. Express sinh 2a + sink 2y9 + sink 2rt - sink (2a + 2/54-27) i» 
/ocfors. 

Given exp. (sinh 2a + sinh 2/5)+{sinh 27 -sinh (2a + 2/5+ 27)} 

**2 sinh (a+^) cosh (a-/8) -2 cosh (a +/5+27) aiuh (a +/5) 
« 2 sinh (a + j8){cosh (a - /8) - cosh (a+/S + 27)) 

*2 sinh (a + /S){— 2 sinh (a +7) sinh 05+7)} 

«■ -4 sinh (a+/5) sinh 0®+7) sinh (7+ a). 
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Ex. 4. Express oosJh^B in terms of hyperbolic cosines of multiples 

■■^t«’* + 7«®*+21«**+85e* + S5e"*+ai«“**+7«"®*+«"’*] 

“ 2^7[(«’®+ e" ''*) + 7(e®*+ e~® ®) + 21(e*® + «" *®)+ 35(«*+ e"®)] 

•° A [2 coah 70+7.2 coah 50+21.2 cosh 80 + 35.2 cosh 0] 

« • 

™2^ [cosh 70 + 7 cosh 5^ + 21 cosh 30 + 36 oosh 0]. 


Ex. 5. If sin (0 + i4>) «= tan {x + iy), show that 
tan 0 sin 2x 

— >■■■ - - xsa — - ■■ ■■ - • 

tanh 0 sink 2y 
Since, sin (0 + i^) *= tan (x + iy), 

sin (0-i0)*=tan (x-i?/) ; [ see Art. 47 ^ Theo. II ] 

. sin (0 +10) + sin (0 - i0) ^ tan (x + iy) + tan (x — iy) . 
sin (0+10) — sin (0 — 10) tan (x+iy)-tan (x-i^) ’ 

sin {(x + iy) + (x-‘iy)} . 
sin {{x+iy) -(x-iy)y * 

. tan 0 sin 2x ^ . tan 0 _ sin 2x 

tan 40 sin (243^)’ 4 tanh 0 "" i sinh 2.v* 

Hence, the result. 



Ex. 6 . Show that tan’^ (cot 0 tanh 0)**=^ log ^ jjj* 

Let tan* ' (cot 0 tanh 0) » e. 

Then, tan s«oot 0 tanh 0 
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or, 


-(7»- 


by componondo-dividendo, 
«" _e**~*-e~*'*'^ 

nr i»***«^ r 


“sin 


taking principal values of bcth sides 


whence the result follows. 


Ex, 7. Find tJie sum to infinity of 

_ . sin X , „ . sin*x , „ . 

cosh cc4--^j- cosh 2x+ -g-p cosh 3x+*»* 


[ C. IL 19S9, ] 


Let S denote the sum ; then writing cosh x» 


1 

2 




cosh 2®- ^ (c^'+c"’*), eto.t and putting a* c*, 6»e"*, we get 

no r .8i^» a. sill*® s. ft ® i a . i s . 1 

rr* + TT-* + 2! * +-J 


^ g*g»in » (iiDh x4oosh x) ^ » (coih x -siiifa «) 
^ ^lin X eosh X ^^4-fin a liob c lioh 

» s*“ * • [ 2 cosh (® + sin ® sinh «) ]. 
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EXAMPLES Xll 

1. Prove that : — 

(i) sinh 3a: *4 sinh®a: + 3 sinh x, 

(ii) cosh 3a: = 4 cosh®a: - 3 cosh x. 


(iii) 4;anh 3a: = 


_ 3 ^nh aj + tanh®a:^ 
1 + 3 tanii^a: 


(iv) tanh (a: + y + r) 

« 

^ tanh X + tanh ?/ + tanh z + tanh x ta nh y tanh g 
1 + tanh p tanh r + tanh z tanh x + tanh x tanh y 

(v) sinh'^a: + sinh"^!/ = sinh“^ (a? ^/ 2 /^ + 1 + 1/ + 1). 

(vi) tanh~^a:±tanh”^ 2 / = tanh“"^ • 

l±a:?/ 

(vii) sinh'^a; - cosh"^ J(l + x^) = tanh*^-^^^ 

(viii) (cosh x ± sinh x)^ = cosh nx ± sinh nx, 

[ C. E. 1922. ] 

(ix) (cosh 6i +sinh 0x)(cosh 02 +sinh ©a) 

. . .(cosh 0n + sinh On) 

cosh (Ox + Oa ^ — + 0») + sinh (Ox + + ’ * * + 

/ ainh fa - 1 >) + sinh u + sinh (u + v ) ^ , 

oosh (« - v) + oosh M + cosh (« + v) 

(xii) (l + cosh 0 + sinh fl)" 


•« 2* oosh" ^ |ooBh sinh 



HYPEBBOLIC FUNCTIONS 


171 


2 . Sey^ata into real and imaginary parts : 

(i) cosh (a; + (h) tanh(a; + iF). 

(iii) sec {x + iy). [ C. H, 19di2. ] 

(iv) (a) sin”^ (cos 0 -f i sin 0). [ P. H, 1935. ] 

(b) tan"^ (cos 0 + t sin 0), 0 < 0 *< i;i. 

(v) sin"^ {x + iy). (vi) cos“^ (rr + iy), 

(vii) icos (0 + i<f>) + i sin (0 - 

(viii) log Icosec (x + iy)\. L C. H. 1942, ] 

8. If cos“^ (a + ifi) ~ 0 -h 2 <^, show that / 
a® sech®</> + /l® cosech®</>= 1. 

4- If sin (a + 2 /?) = a; 4* iy, prove that 

(i) cosec®a-?/® seo®a“=l. 

(ii) sech®j3 4* 7/® cosech®^? = 1. 

6. If tan (a 4- ifi) — x + iy^ prove that 

(i) x® 4- + 2x cot 2a = 1. 

(ii) £c® + j/® - 2y coth 2^ = - 1. [ P. H- 1034. ] 

6. If tan {x 4- iy) = cos a 4* i sin a, prove that 

«®^ = ± tan (in 4- ia) and x = inn ± in. 

[ C. II. 1928. ] 

7. Show that the general solution of 

(i) sinh rc - 1 

is aj = ivat + (-!)'* log (1 4- •y2). [ C. H. 1920. ] 

(ii) tan'^ (< 5 **) - tan“^ (<5’**) = tan”^^ 

is » = + ( - 1)^ in. 

8. If aj cos d-i cos 30 4* ^ cos 50 ^ 

and V = sin 0 - jr sin 30 4- i sin 50 — • 
show that tan 0 - sinh 2y coseo 2a;. 


[ 0. H. 1926. ] 
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9. If coBh"^ {x + iy) + cosh"^ (a? - iy) = cosh'‘4s» 
then 2{z - l)x^ + 2 ( 5 ? + l)y^ ~ 2 ;® - 1. 

10. If cosh a;==sec 0 and a? = 0 + a 86 ® + a 56 ® + ••• 
prove that d-x- a^x^ -^a^x^ -- ••• 


11. Show that 


Ltan 2x - tanh 2yl 


+ tan' 


-1 ftan ?r- tanh 




''i 

VS 


Ltan X + tanh 
= tan“^(cot X coth 

(ii) tanir^a; = a? + iaj® + \x^ + ••• to infinity. 

(hi) tanh 0 + i tanh®0 + i tanh®0 + ••• 

= tan 0-4 tan®0 + ^ tan®0 

where 0 lies between ± in. 


12. Sum the following series : 

(i) sinh X + sinh (x + y) + sinh (® + 2|/) + • • • to n terms. 

(ii) cosh X + cosh (a; + y) + cosh (x + 2y) + • • • to n terms, 
(hi) sinh x^i sinh 2a? + i sinh 3x — • to inf. 

(i v) 1 + cosh ® + ^“1 cosh 2a? + cosh 3a? + • • ' to inf. 


(v) tanh”^a? + tanh“^ 


l- 1 . 2 a?* 


+ tanh" 


to n terms. 


1 - 2.3a:® 

(vi) sinh a? cosh 2 a: + sinh 3a? cosh da? 

+ sinh 5x cosh 6 x + ••• to n tenns. [ C. H. 1938* ] 
(vh) cosh^a: + cosh® 3 a 5 + cosh® 5a: + to w terms. 

(viii) cosh 0 + 2 cosh 20 + 3 cosh 80 + ••• to n terms. 
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(ix) 1+fl? cosh 0 + ®* cosh 20 + ®* cosh 30 + ••• to inf. 

®* ®* 

(x) ® cosh cosh 2a + g-j cosh 3a + • • • to inf, 

[ C, P. 1937. ] 

18. Solve : 

(i) cosh (log ®) = sinh (log i®) + 

(ii) cos (®.+ «i/) = i. 

14. If ® > 0, show tj^at 

cosh X > sinh ® > ® > tanh ®. 

16. Show that 

x-^0 X tanh ® 

4 A -nr , . n sinh 0- sin 0 

16. Evaluate Lt 

17. If cos 0 cosh <!> = cos -a, sin 0 sinh sin a, 

prove that sin a= ±sin*0= ±sinh*<^, 

18. If cos"^ {u + iv) *= a + 2)5, prove that 

cos?a and cosh*)5 are the roots of the equation 
®* - ®(l + tt* + V*) + 74* = 0. [0. II. 1938. ] 

19. If sin“ ^ (w + 2 v) - a + ip, prove that 

V sin*a and cosh*)5 are the roots of the equation 

®®-®(l+t4*+v*) + tt* = 0. 

20. If tan*^ {in + U) - tan’^ftw + iv), 

show that m tan*"^ (^^7^) tan"* 
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ANSWERS 

2. (i) cosli oJ cos sinh x sin y. 


.... sin'll 9r4-i sin 
cosh 2x f cos 2y 


/•••\ o c os cosh sin x sinh 
~ cos 2a; + cosh 2.V 


(iv) (a) x-hiy where jr = co3-‘ ( Jsin 0), 

and 7y = log [ slain 0+ ^/l + B^n 0]'. 

(A) 4 + 4 log O’’. +t-4 tanh-‘ (sin $). 

(v) MW + (“!)'" Rin"‘ o + (“l)" i log (w,+ 

where ?* = J s/{x +1) ‘‘‘ + y'^ •+■ J I)'* + 7/® , 

and v^i ij{x + 1) ?y * “ i - 1) ® + j/* 

(vi) 2«7r±{cos*‘ 7;-i log (w+ slu‘^ -l))t 
where u = i ^/(® + i) ®T?7^+i N/(a;-l) ® + 3t/®, 

and V = i n/(» + i) *•* +i/» - J J{x - 1)® + jy®. ^ 

(vii) <?® (©+2»ff) log r + a (0 + 27?ir))* 

+ i sin {p log r+tt(0 + 2M7r)}], 

where r®*c“^ cos“0+e“’^ 8m®0, 
and ©= tan"‘ tan 0). 

(viii) -J log (8in®a: + 8inh®y) — i tan"* (rot x tanh y). 

sinh ^sc + ^ 2"-^^ sinh " cosh |x + ~ 


(iii) ix. (iv) e®®®*'* cosh (sinh x). (v) tanh"*«ar. 

,__jv 1 sinh2n.T_._, ^ n . sinh 47tx 

2 Biihli <2" + " 2 2 +riruhto’ 

(viii) J coseph® i9 (u sinh sinh (»t+J)^-sinh® Jn^). 


l-g coshO 
' ^ l-2ic ceSh 6+x** 

18 . (i) traloi^G. 




(ii) x*2a», y«±log2. 



MISCELLANEODS EXAMPLES II 

[ On CJiapurs VI-XII ] 

1. If a, $ are the roots of - 21 + 2 = 0, prove that 

(/B + o)" - (rr + (5)“ sin nO , „ i-i/ , i\ 

a “ p sin u 

2* If a = cos 2a + i sin 2a, b — cos 2/j + i sin 2)3, 
c * cos 2Y + i sin 2y, ri “ cos 2(5 + i sin 2(5, 

show that 

(i) Jahc.d 4- “ 7 ^^: - , “ 2 cos (a i3 4* y + i*i). 
siancd t 

(a + ^-y-a). 

S« Given P = cos 50 4- i sin 60 
0 = co8 70 sin 70 
J? = co8 110 4- i sin 110 
S = cos 130 4- i sin 130 

show that 

(1) S is VL fourth proportional to P, (?, P. 

(2) One of the values of the expression 

p»- Ji* - s* 

vanishes for all values of 0. [ C. IL 1926, ] 

4. If the product (P) of the n binomials 

COB ai 4-i sin ai,co8 sin 02 , .-cos an4-t sin on 

be an imaginary cube root of unity, prove that 

3(ai +ag 4- 4- Q^) 

* 2ji 


must be an integer of the form 3k f 1, or, 3A; + 2, k being 
zero or any integer positive or negative. f 0. H, 1927, 
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6. Show that |cob x + cos y + i (sin x + sin 

+ jcos X + cos y-i (sin x + sin y)\^ 
= loos J (» " 1/)}” cos n.\ {x + y), [ C. P. 1949, 3 

6. Prove that if n be an odd integer, sin nB + cos nB is 
divisible by sin 0 + cos 0 or else by sin B - cos B, 

[ C, H, 1940, ] 

7. Adjust the constants a and h in such a way that 

g cos X + h x si n x - 6 
x^o x^ 

may exist finitely, and find this limit. [ C. H, 1942. ] 

8. Solve for B 

(cos B + i sin 0)(cos 30 + i sin 30) 

•••(cos 2r-i 0 + i sin 2r-l 0)“O. [ C. P. 1942, ] 

9. Show that sin®0 


3 

4 



3^-1 

5! 


Qfi + +(_ i)»-i 


3^”- 1 

(2w + 1) ! 


02«+l + 



[ C, P. 1949 . 3 


10. From the expansion of tan nB in terms of tan 0, 
show that if n be an odd integer, then 

n( n - 1 ) n{n - iXw - 2){n - 3) _ 

1" "2! 4 !' 


n(n - l)(n - 2) . n{n - \){n - 2)(n - 3)(n - 4) 

=„ + 

and if n be an even integer, one of the two series is zero. 

11. If Sn denote the sum of the products of tan^ai, 

tan^ae, taken n together, and Sn denote the sum of the 

products of tan ai, tan a^, taken n together, show that 

1 + Si + S, + S, + •• • = (1 - 8, + *4 )* + (Si - 8, + •••)■• 

[ Square and add rekUims (3) dt (4) of Art, 00. ] 
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12. Criticise the fallacy : 

For all integral values of n, we have 
^ 2 nirt _ jjQg 2nn + * sin 2 n 7 t * 1. 

Eaise all the quantities to the power i ; thus 

2;* = 4ji = 67j= 

. . 2 = 4 = 6= 'v 

13. If Cl p be the imaginary cube roots of unity, prove 
that 

ad®* + j3d^* = - JB sin + cos 

14. Show that the principal value of 

is cos 2(aa + b log r) + i sin 2(aa + 6 log r), 


where r= 




lA/ 

15. If «** = a(cos a + i sin a), 

show that the general value of ® is r (cos 6 + » sin 6), 

_ (2njt + a) sin a + log a cos a 
where log r = 

and 6 = ^ a -log a sin 

a 

16. If a; be real, prove that 

Tan-* = iLogJ-±^. 


12 
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17. Show that 

ain-‘ ” ■ 

r-1 Vr(r+1) 2 

Find the sum up to n terms (Ex. 18 to Ex. 20) — 

18. sec X sec 2a; + sec 2a; sec 3x + sec 3a; sec 4a; H — 

[ sec X sec 2x= - . ^ (tan 2aj — tan x). 1 
St7l> X ' ' J 


19. cot a? cot 2x + cot 2x cot 3x + cot 3x cot 4® + * • • 

[I + cot X cot 2x^cot X (cot cot 2®). ] 

„ sin 30 sin 60 , sin 1^20 

sin 0 sin® 20 sin 20 sin® 40 ^ sin 40 sin® 80 

1st term = /ozi ^ “ cosec^d — cosec^ 20 , 1 
s^n^ 20 J 


21. Find the sum to infinity of the following series 
(a? lying between 0 and 2n) 

cos X , cos 2a7 , cos 3rc . 

1.2 ■"- 2 . 3 “ + “ 3 . 4 “-" 


22. Sum to infinity the series whose rth term is 

cos rx tan ’’.71 
r I 

[ Apply C+iS method, ] 

2S. Show that 

tan"^~ +tan"^ | +tan"^ ^ +tan"’ + to “ 

2"“^ j 

24. Solve completely the equation for x 

cos cos 20.3?*^"® + • •• + cos wa ^ 0, 

t 

\ The equation is ] 
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25. If tan (x + ij/) = tan <^ + 1 sec show that 

2 ® = 7M. + I + <^ and = log 

26. If log sin (ic + iy) = a + ib (0 < X < n), show that 

o = i log (cosh®^/ - cos^or) and 5 — tan"^ (cot x tanh y), 

27. Show that the equation tan z = az, where a is real, 
cannot have a solution of ^he form ,t + iy, where x and y are 
both finite quantities (other than zero). 

28. Show that (a + ia tan is a real number. 

29. Prove that if (l + i tan can have real values, 

one of them is (sec a)®®®’ [ 0. 21. 1941» ] 

80. Prove that if x be not an odd multiple of in, 
sin a - i sin Sx + i sin 5x - ••• 

“Ksin x + i sin®a;+i sin® a + •••). 

81. If (l - c) tan 0 = (l + c) tan 0, then each of the series 

c sin 20 - ic* sin 40 + 4c® sin 60 

and c sin 2<^ + 4c® sin 4<^ + 4c® sin 6<^ + ••• 
is equal to 0 - where 0 and vanish together, and c < 1. 

82. If tan 40 * ^ tan 4<^, show that 

qi 9 gi* 

9=<^+2A8m<^ + ^Bin2« + ~^- 8in,3<^+ — 
■where A = Ja + (ia)* + 2(ia)“ + 6(ia)^ + • •• 
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7. a-5,6-2i: -A. *■ 2n.i/r*. 

^8. 2 COS 0 O 2jp sin n® seo (n+l)®. 

18. oota![ootx-oot(«+l)a]-». 20. (508eo*S-oo8eo*(2"fl: 

21. l-2 8in’^log^2(iin^)-~ Bin*. 

22. e**® * COB (sin x tan a;) — 1. 

. r 2r+l 1 

Bin < --g — *^1 

24. Tho roots are given by 2r+T~” where r has all ttn 

sin — » 

2n 

Integral values from 0 to n~l. 



CHAPTER Xin 

EXPANSIONS OF COS-«, SIN"«, COSnff, SIN«tf 


90 . Let a;= COB 6 + i sin 0 ; 

then (T* = (cos 0 + * sin 0)* *» cos n 6 + i sin n0, 

and = (cos 0 + 1 sin 0)"* = cos ( - »)0 + 1 sin ( - n)0 , 

= cos nO-i sin «0, 

1 • i 

Therefore, »**’ + -« = 2 cos nd ; ~ 2i sin nO. 

X X 


Putting w = l, «+ ~ «2 cos 6 and a? - = 2 i sin S, 

X X 

91. Expansion of cos”0 in a series of cosines of 
multipies of 0 (n being a positive integer). 

We have, 

(2 cos 0)" *» I® + ^ j 

® L2 ® 

. n(»-l) all 1 j. 1 /•i\ 

+ -775 — ® •;^-8 + nx ■-n=x + >• — (1) 

|_2 o; XX 

Now, combining together the first and the last terms, 
the second and the last but one, and so on of the series (l), 
we have, 

2” cos”0 

-(.*+ i) +»(,-* + ji.) + + ji,) + • 

«®2 co8»0+n.2co8(n-2)0+^o-— ^'2 cos (n-4)0 + "* 

li 

[ by Art. 90 } 
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Hence, 

2""^ cos"6“Cos n©+ii cos (n-2)d 

cos (ii-4)®+-- ( 2 ) 


Since w is a positive integer, the number of terms in the 

expansion of ^ j is finite and equal to (n + 1) and hence 

the series (l) and consequently the series (2) are terminating 
series. 

Note. Last term in the expansion of 2”’^ cos^d. 

When n is even, there will be a middle term, namely, ^ ^ + 1 j th 


term in the expansion of 




the Binomial theorem, and this 


is equal to Hence, wh^n n is eoon, the last term of 

\$n 

2"-^ cjo 8"5 is ^ When n is odd, suppose it is equal to 

2?»+l; there are two middle terms in the expansion of 

namoly, (w+l)th and (m+2)th, and their sum is 
n(n-l)’*'( w ~m+ l)/ ^ 1 \ 

Iw \ x/ 


Hence, whan n i« odd, the last torm of 2”'^ oos”d 

ii(n— l)-”i(n+8) 


92. Expansion of sin'O in a series of cosines or sines 
of multiples of 6 (n being a positive integer). 

We have, (2t sin “ (®“ ^ ) ' 

Case I. Let n be even. 

Then. 

and the last ierm in the expansion of (l) is 


••• ( 1 ) 
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The relation (l) therefore becomes 
2". (-l)®sin "3 
-® -n® - + - ® 

* l 2 ®“““ »" 

- («•- i) - »(.- H- + ,i.) - • 

= 2 cos nO-n .2 cos (n - 2)0 + -—-7.— • 2 cos (w-4)0- ••• 

L£ 


Therefore, ( - 1 )® 2 "“’ siii”d 

9 +°^ 
12 

(in±l). 


cos n© - n cos (n - 2 )©+'~^-^ cos (n - 4 )© 

Is. 


. / 4 \fr n(Bl “ 1) ' 

2Un 

the last term being determined as in the previous article. 
Case IL Let n be odd. 

♦i-J. n-l 

Then, = - iXi^) ^ ^ 

and the last term in the expansion of (l) ip 
The relation (l) then becomes 
2^i(-lP^in’*d 

_ » n.-l 1 4 . “ 1 ) — «- 2 . 1 

' V-- 

n(»-l) . 1 . 11 

- - 75 — ® + rur--jg=x - > 
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■ 2i sin nfl - n.2i sin (» - 2)6 + ”^?o ~ ^ '2t sin (» - 4)6 - ■ 


[ hv Art. 90 ] 


Therefore, ( - sin”d 


— Bin n6-n.Bin (n-2)6 sin (n-4)e 

the last term being determined as in the previous article. 

Ex. 1. Expand sin'* 6 in a series of multiples of d, 

[ C. P. 1940, ] 

By Art 90, we have, 2’i’ siii’0 ® ) 

=a!’-7»« + 21a*-85*+35- -21- \ + 7-^- A 

X* X X 


Since, l)®.i= -4, hence by Art. 90, we have 

— 2’.i 8in’^ = 24 sin 70 — 7.24 sin 60 + 21.24 sin 30 — 35.24 sin 0. 

. * . sin’0 ■» - sin 70-7 mu 50 + 21 sin SO - 36 sin 0 J- 

98. The methods of Arts. 91, 92 may also be used to 
express sin^d. cos^d in a series of multiples of sines and 
cosines of B when p and q are positive integers. This is 
illustrated in the following example. 

Ex. 2. Expand sin^O cos^O in a series of multiples of 0. 

We have, 2’.i® 8in®0 oos®0 *^a:- ^ ^ j 
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*2i [sin 7fl-3 sin 6^+sin 30 + 5 sin 0]. 
sin*0 sin 70-3 sin 60+ sin 80+6 sin 0 J* 

94. Expansion of cos n6 in descending powers of 

cos B (n being a positive integer). 

Let X = cos 0 + i sin 0 ; then a; + - — 2 cos 0 

X 


and 


■= ^ cos nB, 
X 


Now, (l - ia;) |l - ^ ^ 

= 1 - A;a + fc®, Inputting a for a? + ^ « 2 cos oj 
= 1 - &(a - Ic), 

Taking logarithms of both sides, we have 

log (1 - Jcx) + log |l - “ I - log |l - k{a - (1) 

Hence, expanding both sides of (l), we have 

kx^^kx +^kx +-+^+ 2^+ 3^5+- 

= k{a-k)+ lk'‘{a-ky + -+ -r(a-4)“ + - 

A fi 

Let us now equate the coefficients of from both sides. 

On the left-hand side, the coefficient of A:” is ^ ( a?^ + 

n\ X ] 

- cos »0. On the right-hand side, the coefficient of k^ 
n 

is obtained by collecting the coefficient of from the 

expansion of - k^{a ^ ky* and the terms which precede it. 
1 % 
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Tlio coefficient of fc"' in ^ k^(a - fc)” “ — 
n n 



%“ 1 

-- ^ 
w - 1 

1 7.ft“2 / 7^H— 2 

« 1 (w - 2)G? - 3) n-4 

— 2 4 [2 ^ 

ind generally the coefficient of in ^ (a - is 

n^" T 

( - ] )*' (M-rXM-r-l)- - -(n -2r + 1)_ 
w'-r 

2 cos nd 

*(2co 8 6)"-n(2 COB 0)"~* + SlS - (2 cos 6 )"~* 

is 

Note. Tho sorios on the right-hand Rido will continue so long as 
ho rowers of 2 cos 0 arc not nogativo. Tho last term is 
n-l ^ 

(- 1) “ ft(2 cos 0) or (- 1)^ .2 
according as n is odd or ct'eji. 

96. Expansion of sinnO in descending powers of 

cos 6 (n being a positive integer). 

Let k - cos 0 + i sin 6 ; 

then A; - = 2 j sin d and - k"^ * 2i sin nB. 

Now, 

sin 6 ^1 fe- k'“^ _ 

l-2a5 COB 6 + a;* 2t l-(fc + fc“^)ac + aj* 
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*" ^ +®®A;“® f •••) j* 

if I ® I < 1 

» “” [ rrCfc- r") +ir"(ib« - r ») + - + - r ”) + •••] 

= sin O + a; sin 20 +a;® sin 30 + **- + fl;^"^ sin w0 + --- (l) 

Now, - — -- — “ r T- “i - (l - 2aj cos 0 + a:“)"^ 
1-2^0080+®^ ' 

= U “ a?(a •” . where a = 2 cos 0 

= 1 + x(a- x) + x%a - x)^ + ••* +fl:”(a-a?r + -** 

Therefore, the relation (l) may be written as 

l+x{a-x) + xHa-xr-h‘-^X^^\a-xr‘^-^x%-xr + - 

" sin 6 + x sin 26 + ®® sin 36+ ••• +®^"^ sin w6 + * * | 
Bin 6L J 

... ( 3 ) 

Let us now equate the coefficients of a?”"^ from both 
sides of (2). On tho right side, the coeff, of y* 

On the left side, the coeflf. of is obtained by collect- 
ing the coeff. of from the expansion of 
and of the terms which precede it. 

Thus, the coeff. of ir^ a;”'“^(a - ®)”“^ - 

®^“»(a-®r-»--(n-2)a’^-« 

X {a-^XJ 2 1 o. 

and generally, the coeff, of in (a-a?)**'"^ is 

( - iy~Hn - rXn - r - 1)- jn - 2r + 2) ^n^sr+i) 

(r-l)I “ ■ “ 
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.*. sin nOosin 6 [(2cob ®)"”’ -(n“2X2 cos ©)"”* 

eo. «)•-•— 1. 

Note. Tlic series ou the right side will continue so long as the 
powers of 2 cos $ are not negative. The last term is 
fi-1 n 

(-1) ^ or (-1)^ (ncos^) 
according as n is odd or even. 

96. Expansions of sin nS^ cos nd in ascending 
powers of sin 6, cos 0 (n being any integer). 

It is evident from Article 94 that when n is an even 
positive integer) cos nd can be arranged in a series of even 
powers of sin 6. So we can assume 

cos = 1 sin*0 sin*d + •*• sin^d. ••• (i) 
The constant term is taken as 1, because when 0*“O, 
cos nd = 1 and sin 6 = 0. 

Putting 6 + /i for 6 on both sides of (i), we have, 
cos n6 cos nh - sin nd sin nh 

= 1 + (sin 6 cos h + cos 6 sin /t)® 

+ (sin 6 cos h + cos 6 sin li)* + 

+ 4ar (sin 6 cos 7i + co9 0 sin + 

Now, for cos nh, sin nh, cos h, sin h, write the respective 
series in ascending powers of h. Then 

cos n6 (1- +••)* sin ?t6 (nfc-in®/t® +*••) 

“1 + i4a [sin 0 (l- 4/t® + • • •) + cos 6 (/i - i/t® + + **• (ii) 

Since, this result is true for all values of h, we have, on 

equating the coefficients of from both sides, 
cos n0 = Aa(cos®6-sin®6) + ’-' 

Now, to obtain the general relation between the coeffi- 
cients ^4 consider the term 

A^r (ein 6 cos k + cos 6 sin 
or, A^r [sin 6 + •••) + oofi 6 (fc-ifc® + 
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or, A 2 T [sin 0 + fc cos 0-4&® sin 0]®^ (neglecting powers 
ollh higher than fc®). 

Now, the coefficient of /t® in the expansion of this term is 
Azr co&®6-r sin®^^>| 


-42r 1^2 ^ co&®6-r sin®^^>| 

t e., A 2 r sin®** ®6(l-sin®0)-r Bin®*'0| 

^ f2r(2r“l) . 2 ^ • arr. / . 2r(2r-l)\l 

2.e.,A2r[ ®0-sin*'^6|r + — — )/’ 


, f2r{2r“l) . 2 r 2 

2 . 0 ., A 2 r I 


Similarly, the coefficient of /i® in tlio expansion of 
A 2 r-r 2 isin ((J + //)f®’"*‘® is 

.l 2 r +2 f - flin®>-+*e 


X r + l + 


(2r + 2 K2r+l)|j 


Hence, we obtain as the coefficient of Bin*’'0 in the 

expansion of - i^i® cos nd the expression, 

. f . 2r(2r“l)l . . f(2r + 2)(2r+ 1)1 
-A2r[r+ / + J72 1 

But by series (i), il 3 r is the coefficient of sin®’'0 in the 
expansion of cos nd ; hence, -in^A 2 r is the coefficient of 
sin®'^0 in the expansion of - in® cos nO, 

. , 2 . . /2r(2r - 1) . 1 . . /(2r + 2)(2r + 

.. -in®4ar= --42r| ^2 + \2 T 

. n®-(2r)® j 

or, ^ 8 r +2 (^2r +i)(2r + 2) 

Putting r»0, 1, 2, 3,..., in succession, we obtain, 

A — — ^ J — — 

"2 *"10 O I 


and 80 on. 


j n*-2* j _»*(n*~2*) 
41 
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Thus, when n is eveu* 

eosn6-l-|^8iD»0+2!ia!^gin4©-... (i) 


Equating the coefficients of h from both sides of (ii), w© 
shall obtain, 

- w sin nO = 2 A 2 sin B cos 0 + 4-44 sin^O cos 0 + ••• 

+ 2r-42r sin cos 0+ ••• 

Now, substituting the values of A^, etc., wo have, 
whou o !■ even, * 


sin nG*n cos 6 
+ 


B ! 

(n«-2«Kn^-4^) 


n“-2* . 3^ 
sin®G 


{«“®- 3 

6! Bln»e- •••} 


( 2 ) 


When 71 is an odd intetjer, we can assume 

sin nO = A^ sin B’¥A^ sin®0 + ils sin®0 + ••• + 4n sin’^0. 

Since, sin (- nS) « - sin nB, the expansion of sin nB would 
not contain even powers of sin B ; since, sin 0 = 0, there will 
bo no constant term. 


Now, proceeding as betorc, we shall find, 
when n is odd, 

sinn6-n sine- ”— g'j* ^ siu*© 


cos n9<->C0B e 

+ 


(>- 


n»-l« 
2 1 


8in»© 


(n»~l«)(n«-3») .,_ 4 , 


41 


Bin*6 




(3) 


(4) 


Note. Bince^n is a positive integer, the four series obtained above 
are all finite. 
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Changing d into ^ - 0 in the formul© (l), (2), (3), (4), 
we have, if n be an even integer^* 

(- 1)S cos «e=i j COB*e- (6) 


( - 1)^ sin «0 = M sin 0 |oos 6 — oos®0 

+ __ cos e--|- 

If n be an odd integer, 

n— _1 2 _ 1 2\ 

(- 1)2 COS nO - n cos B ^ j — - cos*0 

. n(«®-l®)(n®-3*) 

T f : COB & — ••• 

5 I 

n-1 f 'n® — 1 * 

(- 1 ) ® sin 710 = sin 0 |l — cos®0 

+ --j cos 0 


( 6 ) 


(7) 


( 8 ) 


97. Expansions of sin nO and cos n^ (n being not an 
integer), 

cos nB + i sin nB = (cos 0 + 1 sin 0)*^ = cos”0 (1 + i tan 0)’*'. 

If tan 0 be numerically less than unity, cos”0(l + i tan 0)** 
can be expanded by the Binomial theorem and since 

r 

cos^0 = (1 “ sin®0)^, the expansion can be expressed in a 


series of sines. 

Again, since cos (-«0)«cos n0, the series for cos nB will 
contain only even powers of sin 0 ; and since Bin(- n0) 
= - sin w0, the series for sin nO will contain only odd 
powers of sin 0. 
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Also, since cos 0 1 and sin 0-0, the constant term in 
the series for cos nd will be 1 and there will be no constant 
term in the series for sin n6. 


Hence, we can assume, as in the previous article, 
cos Bin®0 + A 4 sin^0 + **- 

sin nd — Ax sin O + As sin®0 + *-* 
and proceeding exactly in the same way, the four series (l), 
(9), (3), (4) of the previous article can be obtained. In this 
case B shall lie between - in and + in. 

The demonstration given above establishes the four 
series under the restriction that tan S must be numerically 
less than unity, i.e.^ 6 must lie between - in and + in. It 
can, however, be shown that the series will hold even when 
6 lies between - in and + in,^ 

Ex. 8. P-rove that 

«n-‘*=»+ I -l’ +5 j--5-+ - [ 0. E. mi. ] 


For any general value of n, vro have 
Bin sin 

Since, sin nS ■= - -y j- + — 

we have by equating the coefficients of n on both sides, 
S*“sin sin*d+™y sin®8-r*«* 

aj. 1 . 1,8 Bin*a , 

2 * V +274.— S'*"’ 

Xjet us put sin $ so that B « sin*^a;. 

**“■*““'*“ I T+|iT+"‘ 


^See Hobson’s Trigonometry. 
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Ex. 4. If tan and r^^l-2a cos cx + a*t sJiow that 

X — a cos cx 

1 - jpj a cos a® cos 2c®- — + (-!)** a" cos ncx*^r^ cos n$, 

[ a. jSr. *;0P. ] 

Put for each cosine its exponential value ; tlien the proposed series 

= iKl— a cos cx — ia sin c®)“ + J(l— u cos c®+iia sin c®)*'*-«(l) 

Now, putting 1 — a cos ca;=.> cos B, and a sin c®«r sin 0, 

so that tan g = ■ — — ■ and r* = 1 — 2a cos c®+a’, (l) becomes 

1 -a cos cx 

- J(r cos 6 — ir sin d)”+ J(r cos 0 + < r sin d)" 

= Jr" (cos n0 — i sin nd) + ir'‘ (cos nB-^i sin ?i0) 
cos nB. 

Ex. 6. (U|<1) 

in a series of smes and cosines of multiples of B, [ C. H. 1951, ] 

Lot s=co8 6 + i sin B ; then s"— s’'" = 2i sin nB, [ see Art, 90 ] 

, • . - s'") = — 2 sin nB, 

Also, t(« — jj"*)= -2 sin 6 and s+s"^ = 2 cos B, 

q^hna « _®fe±£l\) a;(s+g"*) 

* l-2®8ing+«* l+i®(2f-s-‘)-i"®® (H-t2®)(l-M"*®) 

«»[1 -is® +i* 2 *®® -i*s*®* + •••] 

— i[l + is* ^® + i*s* ®® ® + i • s" •«• + •• •] 

*» (s+ s* *)® — t(s* — s* ®)® • — (s® + g” •)« ■ + i(g* ^ s"*)®* + *• • 
■»2® 008 ^ + 2®* sin 2d— 2®* cos 3d-2®® sin 4d-f 


13 
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EXAMPLES XUI 


1. Prove that 

(i) cos®aj - kos 8a? + 8 cob 6a? + 28 cos 4a? 

+ 66 cos 2a? + 35]. 

(ii) sin®a? = -grir [sin 9a? “ 9 sin 7a? + 36 sin 5a? - 84 sin 3a? 

+ 126 sin a?]. 

(iii) 2® sin® 6 oos*0 = sin 9^- sin 76-4 sin 56 

+ 4 sin 36 + 6 sin 6. 

•I < 

(iv) sin*6 cos®6 ~ ^o[cos 76 - cos 66-3 cos 36 + 3 cos 6], 


2. Expand cos^ 36 in terms of cosines of multiples of 6, 
71 being a positive integer. 


3. Prove that 

(i) sin 76 * 7 sin 6 - 66 sin®6 + 112 sin®6 - 64 sin'^6. 

(ii) COB 86 = 1 - 32 8in®6 + 160 sm^6 - 256 sin®6 

+ 128 8in®6. 

(iii) 1 + cos 106 = 2 [16 cos® 6 - 20 cob®6 + 6 cos 6]®. 

(iv) sin 86 = sin 6 [128 cos^6- 192 cos®6 + 80 cos®6 

- 8 cos 6]. 


4. Prove that 




sin®6 

4 “^3.5* 6 



Sink’s + — gj-' sm 6 

. l®.8» + l®,6® + 3®.5® . 

+ 1 ^' j sin 6 + '-- 


[ 0. H. 1984, ] 


6« Show that 

(i) 1-^+ + 

[ PtU ain 6a>a? tvi Em, 4(^)* 3 
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[ Put sin B=^x in Ex, 4(ii). ] 


6, Prove that 


/ N 0 Q 4. 

(i) d sec 0 = sin ® ^ sin®6 + ^ sin*0 + • • • 

(ii) sec 0 = 1+ ^ Bin*0 + ^‘?sin^0+ ••• [C»S,J933.] 

Z 2.4 

7. Prove that 

„ _+ 2 8 . 2:4 « . ... 

^r-‘P“®+ 3® +3.6® +"• 


[ Put sin 6 = xin Ex, Cii), ] 


8 . Prove that 


“r+V{ 




» - r+7^- - 3 iTy* J^t(r+ y*) ■"}■ 

C Put 0^tan~'y in Ex, 6(i), ] 

9. If |a?| be < ], prove that 

® r-2®“io8V4-®“““° 29 + ®" sin 3fl+- 


[ C. E. 1940. 3 


(ii) jr 


2x 008 6 + x 


i = 1 + 2® 008 B + 2®* 008 29 


+ 2®* 008 39 + ••• 
[ 0. E. 1948. 3 


(iii) z — ^ '^JT^^coB 9 + g COB 29 + ®* oos 89 + .. 
1 ■” jSX oos 0 + ® 


10. Prove that »* = 18 S 

JPute-irinlilx.dfi).} 


C 0. E. 1986. 3 
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11. Establish the identity cos"0 [ cos n0 + t sin nS ] 

tan 0)“** and hence deduce the expansions of 
008**^ cos nO and oob”0 sin nQ in powers of tan S, 

12. Establish the formulae 

cos 6B = cos d (1 - 12 8in®0 + 15 sin^fl) 
sin 50 = sin 0 (1 - 12 oob^ 0 + 15 cos*0). 


Reduce the quantity 

V “ (sin 0 + cos 0)(l + 4 sin 0 cos 0-16 sin® 0 cos®0) in the 
form A cos 50 + J9 sin 50, where A and B are certain numeri- 
cal constants. Hence, find an expansion of V in ascending 
powers of 0 as far as the third significant term. [ 0. H. 1927, ] 

18. Expand (l - 2x cos 0 + in powers of «, |flj| < 1. 

14. Expand tan”^ - powers of a?, laji < 1. 

1 “ a; cos 0 


16. Expand log (l“2a? cos 0 + a;®) in a series of cosines 
of multiples of 0, I a; | < 1. [ C. JET. 1948, ] 


16. Prove that --- . « \ can be expanded in the 

1 + sin 2a cos 0 

infinite series 

see 2a[l “ 2 tan a cos 0 + 2 tan®a cos 20 -•••]. 

1 + ^* 1 — 4* 

[ Gtwn -<«« *• 

Now apply Ex. 9(U). ] 

17. Prove that 

COB * . cos 2x , 


COB nx 


(»-l) t (n + l) 1 (n-3) ! (n + 2) ! 

(l4-0( 

2(n!) 


Ii»)t 


2*"* (1 + 008 g)* 1 

- “2(»|)» 
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18. If cot e “ ^ + cot a, show tliat 

X 

X . 1 ^ . 1 X® 


0 Uy • 1. *t • r> I ' 

-sm a- ^ - 2 “*Bin 2a+ 7 

19. Prove that 


n • 2 ® ^ o'* 8 

sm a 2 sm a 3 sin c 


2 sin*n0-|^ (2s)* j (2s)* 

^n*(M*-l*X«!-2*).2,)«_... 


6 1 


where s = sin 6 and w is a i^sitive integer. 

20. From the expansion of sin"0 in multiple angles, show 

that «’■ - » (w - 2)*’ + (w - 4)’’ to ” ^ terms = 0, 

where n and r are odd positive integers and r <n. 

[ C. E. 1939. ] 

21. If tan (ia - 6) = tan®ia, show that 

fl - ^ sin a - ^2 sin 2a + sin 3a 

[ 0. H. 1941. ] 

22. Expand V ^ °°n i ~ 5 ^ *** 

1-2® cos e + J* n*-oo 

where Cn is a trigonometrical function of 0 to be determined 
(UKl). ' [C.n.l943] 

ANSWERS 


2. Put 3^ for 0 in the result (2) of Art. 91. 

11. ooB-tf COB tan’fl +»J!L±i)i^?Mn±5) ten*®-- 

coB*fl Bin n6=n tan 9 — t 8 n’fl+"- 


1*. 1+69- 


259* 

2 


18. 




sin , ,8in4B 


14. X sin Jx® sin 2tf+ J®* sin 3B+— 

15. — 2 [® COB fl + 5®* cos 25 + i® • COS 35 + — ]• 
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RESOLUTION INTO FACTORS 


98. Resolution of sin 6 into factors. 

The proof depends upon Buocessive application of the 
formulae 

j ^ . A ry • A . TC^A 

nn A = 2 sin ^ cos ^ sm “g stn — ^ • 

Thus, we have, 

t 

sm ^**2 Sin 2 sm— ( 1 ; 


0 ^ 0 

Putting 2 * for A successively in the above formula, 


we get 


.6^.0. 27t + 0 

sin " 2 Bin oa * sin 


sin 


2 

7* + 0 


7t + 0 3» + 0 

2^ 


2- -2 sin^- sin -^3 


Substituting these values in right side of (l) and re- 
arranging, we have 

• /» rtS • ft • yt + 6 , 2?» + 0 . 371 + 0 

am 0-2 sin ^ sin "23' sin —^3— sm — gS — 
Applying successively the above formula, we get 
sin 0«2' sin ^ sin sin “2*^ 


2’ 


fc.i , 0 , 7f + 0 , 271 + 0 

sin r sm —5— sin — 7— • 
* k k k 


*sin 


(k^ l)yt + 0 


( 2 ) 


where A; -2" 
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The last factor in (2), sin 


. (fc-i)» + e 


( « — fl\ . « - 
) = 8m 


-0 

Ic 


The last but one factor, 


. / 27i-e\ . ! 

= sin I ji ^ I = sm 


si^Cfc - 2)7t + .® 
'k 

2^^ “ 0 . 


and so on. ^ 

The iik + l)th factor from the beginning 


. ikn + 0 
== sm — — 


rr + 0 . /« . 0\ 0 


Hence, combining the second and last factors, the third 
and last but one, and so on, and leaving alone the first and 
(i% + l)th factors which have no conjugates, the equation (2) 
becomes 

sin 0 = 2*"^ sin ^ | sin* " - sin* ^ sin* — " ^ } 

/ « 2 (.^k ““ l)?! *201 0 /q\ 

• • • I Sin* “ Y - Bin * I cos jj, • — (3) 


Divide both sides of (3) by sin ^ and let 0 approach zero ; 
then, since 

Lt = 1 and Lt sin* * 0, - 


and Lt 

M 


0 “ 

sin 0 ^ X. , sin 0 fe , 

—■£5, *-r—T 

Sin jT L sm i: J 
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we have 


fc = 2*'-^ Bin* " Bin* sin* %• ■ • sin* (4) 


Dividing (3) by (4), 


0 d 

sin 6 — Jc sin cos ^ < 1 - * 


Now, make h indefinitely large. 


. 2 

T 


Since, Lt 

k^oo 


LBin*f J *'•*“[ i; Bin* I "“J 


and so on, and Lt cosx = 1, we have 

k^oo K 


99. Resolution of cos 6 into feictors* 

Proceeding as in the previous article, we get 

A rtfc-l • ® • 75 + ® 271 + d . (fc*^ 1)71 + 0 

Sin 0 = 2 sm sm — sin ^ 


Putting iw + 0 for 0 in the above equation, we get 

A Afc-i . 71 + 20 . 871 + 20 . (2fc -“1)75 + 20 

cos 0 = 2*® * sm ”-Q sm sm 7:7 
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The last factor = sin 

the last but one factor 

. f(2fe-3)n + 2ei . 3;i-2e 
= sin I 2 ^ “I = sin “ ’ and so on. 

Now, combining the factors in pairs, the first and the 
last, the second and the last but one, and so on, we get 


A rtfc-i/ • « + 20 . «“20\ 

008 0 = 2 *' "jsin sin 

_ f . 3 ji + 20 . 3?t- 201 
x|8in-2^-sin-2-^-| 

= 2*'-^{sin»^-8ia*|){8in*||-Bin*,2 - (2) 


(3) 


In (2) letting 0 approach zero, we get 

1«2^ sm -^^sm ^sm 

Dividing (2) by (3) and making k indefinitely large, we 
have as in the last article 

ad. inf. 


r=«» r 1 

i.e.. - W 


Obs. Since, cos g = cos 6 may be resolved into factors by 

a sm V 

means of the factors of sin 20 and sin 0. 


100. Sum of powers of the reciproeals of natural 
numbers. 

From Art. 54, we have 

. . - e". e* ' 
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and from Art. 98, we have 

Equating the above two values of sin 0, we get the 
identity 

Similarly, equating the two values of cos 0, as given in 
Arts. 53 and 99, we get the identity 

Taking logarithms of both sides of (l), we have 


, + 


Expanding eaoh of the logarithms in the above identity, 


1 0* 






1 


« + ' 


2 '2V 
1 9 * 


■} 


- *1 + ... U 1 /»_■ - it + ... )■ + 

16 120 ^ / 2 16 120 ^ 


(3) 


Equating the coefficients of the various powers of 
from both sides in this identity, we get the sums of the 
various powers of the reciprocals of natural numbers. 


Thus, equating the coefficients of 0 ^ and 6^, we have 




1 

6* 

120 72 
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Hence, 


P+P+P+ 



(4) 

( 6 ) 


Similarly, taking logarithms of both sides of (2) and 
expanding each of these logarithms and equating the 
<5oefi&oientB of 0® and 0^, we have 


1 * 









101. Factors of sinh x and cosh x. 

Putting 0 ~ ix in the factors for sin 0, we get 

sin » [l - •;! ■][! - |v][l -S?} 

Now, bin ix^i sinh x, 

■ ■ «>* »“ *[l + i!v][l * 3 v] 


Similarly, putting 0 = ix in the factors for cos 0 and 
noting that cos ix = cosh a?, we get 

“**•[* 
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102. Ex- 1* Prove that 

ir_22 4 466 
2 1 3'3'5'6'7 


ad, inf. 


[ C. H, 1950, ] 


In the expression for sin 0 in factors, put ® » then 



_ IT 1.3 3.5 6.7 

“ 2 ■ 2 . 2 ' 4.4 0.6 

£^224466 
2 “ 1 ■ 8 ■ 3 ■ 5 ‘ 5 ■ 7 

Note. This is known as Wallis theorem^ It is also stated thus : 
When ti is very large, 

^/J^r (2«+f)= i.8.6.f!(af-.Y) approximately. 

When n is very largo, 

^ approximately 

2 ^ 1^3^5‘^-(2Tt-l)^(2n + l ) 

TT 2’**.4’*.()’**«-(2w)‘‘* 

— ^.-T\ 2.4.6* ••2w 

It is also put in the form ^ romemboring that ^ ] 

/ azLt 2.4.6***2n 

•^"’“n-.oo N/n'l.8.5— (2 h-1)’ 


Ex. 2. Prove that 


cot X- 


2x 


2r 


[ C. H, 1940, '44, *47, *57, ] 


00 r 1 

Since, sin a® a; 

we have, when x is not a multiple of t, 
log sin a “log ®+2 log (l* 


( 1 ) 
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logsin(j! + 7t)=log (a!+ft)+Slog — (3) 

Subtracting (l) from (2), 

... ( 3 ) 

Left side of (3)=log !??- * 

= log (cos /i+cot X sin h) 

= log {l + /i cot a; + higher powers of h} 

[ by writing down the expansions of sin h and cos h in powers of h ] 
= h cot a; + higher powers of 7i. 

Bight side of (3) -log [l+ ^] + i: log {l-p-Ji-, 

1 2a* 

= /i* ' - i + higher powers of /*. 

X T* W —X 

equating coefficients of h irom both sides of (3), wo get * 


cot a;= ■" -23 


2a; 


Note 1. The above results may bo much more easily obtained by 
differentiating both sides of (1) with respect to x. Students acquianted 
with the methods of Calculus may easily soo that replacing x byx + /i 
in a function /(x) and then equating coefficients of h is equivalent to 
differentiating /(x) with respect to x. 

Note 2. tan x can also be expanded from log cos x by a similar 
method, or by diftcrentiation. 

Note 8. For another method, see Ex. XlV(a), sum no. 7(ii). 

Ex. 3. Prove that cos 2x+cos 2y 


-2 cos’* [{l "{(2f- lf»+ ^r*l ~ {(3r - ifir- 

COS 2x+ cos 2y»2 cos {x+y) cos {x-y) ••• ••• (1) 
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, 4(a;~y)° _ <(2r-lV+2a;-2yH(2r-l)y~2a?+ 2y/} 

(2r-l)«T* (2r-3)V" 

Now, combining tho iRt factor* of (2) with the 1st factor of (3) and 

2nd factor of (2) with the 2nd factor of (3), wo have 

cos 2aj+co8 2/y 

- - n ~ - 4v»]»(2r - 1)^ - 24^ - 4y»l 

1 (2r-l)*ir^ ■ 

Putting ?/»0, 

H cos = - (5) 

1 (2/*— 

Dividing (4) by (6), and noting that 1+cos 2a: “2 cos*®, we get tho 
required result. 


EXAMPLES XlV(a) 

1. Prove that 

(i) p- 2 ^ + ^- “f§- t 0. H. 1961.} 

(ii) p + ^ + 30 + ■■■ 


71 

'945' 


[ Equate eoeff. of 6" %n the identity (S) of Art. 100. ] 


,.... 2 . 6 .10 .17 . 
(in) p: + ^ + 3 i+ 4 * + 


’** + 2! 

■ 6 90‘ 


[ nth ^^+^4- ] 

(• \ 1 j. 3 X 6 .10 . «»/, »*\ 

W 8.+p+7i+9‘+- -JiU'ia)' 

[*» <«»- kiip-sriip}] 
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^ ^ 1.2'’'2.4 's.’e'^d.s'^ 


n 

’12’ 


(4-ol*+ 

( 0 r+ 


= 39 


\2.3.4/ 

\3.4.5/ 

4'“ 16 


2. Show that 

8. Prove that the sum of the products taken two at 
a time of the squares of the reciprocals of 

4 

(i) all positive integers is 

(ii) all positive odd integers is [ G, E, 1986. ] 


4. Show that 

/.X i;* 1 ^ 6 ® 2 ®. 6 ^ 3 ^^ 4 ^^)^ 

W 3 - 5.7 ’ii.i3’i7.i9 23.25 

[ Put Jr for B in the factors for sin B, ] 

r) ^ 36 100 196 

UV g -gg* 

[ Put ir for Bin the factors for cos B. ] 

6. If 2, 3, 6 are all the prime numbers, show that 


(i) 

(a) (i+p)(i+^)(i+^) 


n' 
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(iii) 


2® 3® 5^ 

2* + i'3* + r5* + l‘ 


n 

'l5' 


6. (i) Prove thai oos x + tan z sin x 


(ii) Hence deduce that 
2 2 


tan z = - 


2 


}i~2z n + 2z 3n — 2z 3n + 2z 


-81: 


1 (2r-l)V-42’ 


z ^ (2f-l)J« 

[ 0. n. 1967. ] 


7. (i) Prove that oos ® - cot « sin x 

(ii) Hence deduce that 

1 
z 

1 


cot J 2 r> 


1 + 1 


1 .+■ 1 


z n + z 271 z 27i + z 
z 


+ 2 1 " a ^2 

z 1 z^-r n 


z 7^ rn 

[ C. H. 1942, '57, 3 


8. Show that 


(i)i- 


1 

2 




1+X 
8 10 


n 

373* 


{ Put ir fiyr z in the aeries for tan e, in Ex. 6(i). ] 


/..X , 1.1 lj.1 1.1 

(ii) 1- 5 + 7 “ii + ia'n + ig' 


278* 

[ 0. E. ms. ] 


[ Put iw for gin tJie series for cot in Ex, 7(ii), ] 
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(ill) 1 7 + 9 “i5‘*'i7“23‘''25“ 8 ^*^^2 + 1). 

[ Put It / or £ in the series for cot g, in Ex, 7lii), ] 

9. Prove that 

(i) cosec 0 ~ 

9 9 — n 9 +n 

+ -^ 1 

e + 2n 0-3n 6+371 

1 n*oo 

W 71 

C Dao co««c 6=} (tan iB + cot J^). ] 

/..\ 1 „ 1 3^6 

(ii) 4„seoe- 8V-49*‘^5V-Vfl* 

[ 0. H. 1936. ] 

[Use 2 sec 6^ tan (Jir+i6)+coi (Jr+i^). ] 

10. Prove that 

1 111 
(i) j Beo*e = (;^_ 2e)» + 2 ej* ■*■ (SiT- '2e)® 


[ Pm^ B-^hfor g in the series for tan g in Ex. 6(ii) and equate the 
coefficients of h. ] 

(ii) ooBec«8-=^ + ^i + (-g-^. + ^-^* 

[ Put 6+fc/or e in the series for cot g in Ex. 7(ii) and equate tha 
coeffidenU of h» ] 

11. Show that 

(i) Bin «+ oos *- (l + ^)(l - g)(l + g)(l “ §)•" 

[ Pirf #»*lr fft Ex* 9(i). ] 


14 
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. , ji + 4irf^ (w + 4a?)*lfi (je + 4a?)®l 

(ll) — gS^j- 

[Put sin x+cos aj“ Hn (a;+Jir) ; thm factorise. ] 

(iii) From the factors for sin a? + cos x, deduce that 

1 LjlL ij. 

^ 3“ 6“ “7“'^ 32’ 

[ Take logarithm of the first result and equate the coefficients o/os® J 

12. Deduce the expression for sin x in factors from that 
for 008 X. [ C. H, 1933 . 1 


[ 


rr sin X X X X 1 

rr» = cos ^ cosmos 51 j 


13. Prove that 


14. Show that 

1 9 * , 1 

'0 »*■ P.2* 

1 9*(9*-P)(0*-2V) . 

1*.2*,3* 

and deduce that 

As. 

* li- 2*/'3’* Vl* 2" 3*/'4® i20' 

[ a U. 1933. 3 

16. Prove that 


n 

8 - < 

8 


iC.E.1931, ’67.1 


16. Taking the infinite product forms as definitions of 
sin 9 and oos 9, prove that they ate periodic. 
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17 , 


Show that 
1 


18. 


1* + ®“ 5* 

[ Fut 2 f=iiarT in Ex, 6(ii). ] 

Prove that 


■o + 


tanh?®. 
4® 2 


(“t-1 

'U 9j 

K’t 

■^25)‘' 

e^ + l 

J. Hi 

(»' j. H 


X 1\ 


T*i)' 


u 

■^36/ 



[ Putting x = l in the factors for sink x and cosh Xt left side reduces 
. cosh (1) . ^ T 


19. Show that 

(i) tan“^ (tanh y cot ®) = tan*^ - -2?tan”^ 2 % \ ' 2 * 

® 1 n n “"® "ry 

[ Take logarithm of the factors of sin {x-^iy) and equate the ima» 
ginary parts on both sides, ] 

(ii) Hence deduce that 


20 . 

21 . 


Show that 
cos 
Show that 


f tkn-^ - ten-" (tanh -^cot 

ihat 


008 I o*)(i-f) 

and hence deduce that 
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RESOLUTION INTO FACTORS (Gontd.) 


lOtS. It is known from the Theory of Equations that if 
a be a root of the equation /(a;) = 0, then a? -a is a factor of 
the expression f{x) ; and if fix) = 0 be an equation of the 
nth degree possessing the n roots ai, 02 ,.. -an and if the 
coeflScient of the highest degree term in f(x) be unity, then 

/(«) OiX® - Oa) (x- an). 

This principle will be made use of in the following 
articles. * 


104* Resolution of -2x" cos n^+1 into factors. 

Let us first find the roots of the equation 
aj®” - cos n6 + 1 = 0. 

The equation a?*" - 2x^ cos n0 + 1 = 0 may be written as 

aj®" - 2a?” cos nd + coB^nd + sin®n0 = 0, 

or, (a?” - cos nS)^ « - sin®n&, 

therefore, a?” -cos nd= ±i sin nO ; 

1 

hence, a? = (cos n0 ± i oin nO) 

As in Art. 49, the values of the right-hand side expres- 
sion are the 2n quantities 


2f;i + n0 . . , 2rn + n9 

cos ±t sm » 

n n 

Hence, the roots of the equation x 


an 


r-0, 1, 2,...n- 1. 

- 2a?” cos nB + 1-0 


oobB± i sin 0 , cos | + 

’ OOB{fl + ^*^}± 





are 
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The factors corresponding to the first pair of roots are 
(x - cos O-t sin 0)(x - cos 6 + i sin 6), 

(x - cos O)® + sin®d, 

i.e.f the quadratic factor, re® - 2x cos 6 + 1. 

Similarly, the second, third, nth i>airs of the above 

roots give as quadratic factors the expressions 

- 2x cos + 1 

x^-2x cos |6+ ~} + l 

- 2x cos jo + + 1. 

Hence, a?®^ - 2aj^ cos nS + 1 

« |a5® “* 2a; cos 0 + 1||®® 2a; cos + 1}”’ 

|a;® -2a; cos ^0 + ij* **• (l) 

The above relation may be shortly written as 

x*"-2x" COB Il0 + l — //^|x“-2x cos ( te) 

fl-1 

N. B. The symbol II stands for the product of all the factors 

r«0 

corresponding to the integral values of r from 0 to n— 1. 

Eeplacing ® by - and multiplying by a®^, it may be 
shown that • 

x*"-2a*x" cos ii6+a*"- // |x*-2ax cos|6+^| + a*j(8) 
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105. Geometrical Applications. 

A geometrical meaning may be given to the equation (3) 
of the above article. 

Let 0 be the centre of a circle of radius a, and P any 
point within or without it, such that OP — on ; and let the 
whole circumference be divided into n equal arcs by the 
points Ai, Aa, 

Then /lAtOAg = Z.AaOA^ = 

Join 0 and P to the points of division Ax, Ag, An ; 

A, 



ZP04, = e + -" 
® n 


We have, PAi® = OP* + OAi* - 20P,0At cos POA^, 
« - 2aaj cos 3 + a*. 

. PAa* * OP® + OAa® - 20P.0Aa cos POA* 
■*«c®-2a« oos |^ + + 
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Similarly, =«?*** Saa? cos ~ j + a®, 

PAh^-x^-^ox cob + ““”!+ 

Hence, PA^^.PA^^ Pin® 

— I®® - 2a® cos 6 + - 2a® cos 

••;{®® - 2a® cos + a® | 

= ®®"’ - 2a V cos nB + a®*^ 

- OP®" - 20ii"0P" cos nS + Oij ®". ••• (4) 

This is known as De Moivre's property of the eirele. 

Particular cases : 

(i) When P is on the circumference of the circle, 

OP«a = Oii. 

Therefore, 0P*“ - 204 i^OP" cos nO + OAi *" 

= 204i*" (1 - cos nd) = 404i®" sin* 

Hence, the above relation l>ecomes 

PAi.PAt P4„ = 204i’‘ sin 

(ii) When P lies on OA^; then 9 = 0. 

Therefore, P4i*.P4** P4„* -«**-2aV+a*’‘ 

P4i.P 42 P4«=®"-a", or, o"-** 

The first of the two values shonld be^taken when a 
is > a, when OP is > 04 ; in other wends, when P lies 
outside the eirele. 
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The seoond value should be taken when a; is < a, 
when OP is < OA ; in other words, when P lies inside 
the circle. 

Therefore, PAy^^PA^ PAn-x^ ~ a”. ... (6) 

Again, let mi, m^, ms, be the middle points of the 

arcs A-iA^t A^Ag, AgA^, so that the whole circum- 

ference is now divided into 2n equal arcs by the points A i, 

mi, Ag, mg 

Hence, by (6), 

Pil 1 .Pm 1 .PA 2 .Pm 2 ... to 2n factors = «*" ... (6) 



Dividing (6) by (6), 

Pmi.Pm2 Pmn = a?” + a* • • • (7) 

This is known as Cote’s property of the eirele. 

Obs. Since > hence the relation (7) can be 

2ti n 

dedTioed diieoily' bom option (4) by putiiiiK 4- ^ and PAi, PA,, 

-Pufi,!**, 



BBSOLUTION INTO PAOTOBS 


217 


106. Resolntion of x” -1 into factors. 

Let us first find the roots of the equation aj** - 1 “'0. 

*“-1 = 0, or, a” 1 = 008 0 + i sin 0. 

1 

. X — (cos 0 + z sin 0)”. 

As in Art, 49, the values of the right-hand side expres- 
sion are the n quantities, 

2rn. . . 2r« a -i n i 

cos — + z sin r = 0, 1, 2, n-1. 

n n 

Hence, the roots of thd equation — 1 = 0 are 

A 1 • • A 2« , . . 2yt « 47t , . . 471 

cos 0 + ? Bin 0, cos — + z sin — » cos — + z sin — » ••• 
n n n n 

2«7t - 47t . . , 2 w7e - 47t 2«7r - 2:* , . 2?Z7t - 2;* 

cos + z sin cos + z sin 

n n n n 

271 . 2?! 

The last term in the above series = cos z sin — • 

n n 

The last but one term = cos — - z sin — * and so on. 

n n 

Thus, we get conjugate complex roots for r»l and n-1, 

r == 2 and n - 2, and so on. 

First, let n be even. 

^ ■ • 

Now, for r =* X » the value of the expression is 
£ 

cos 78 + z sin 78 “ ~ 1. 

Thus, when n is even, a?** — 1 ® 0 has two real roots and 
I ~ - ij pairs of conjugate imaginary roots,’*' and these are 

278 . . 278 478 ... 478 

± 1, cos — ± z sin — * cos — ± z sin — 

^ n n n n 

n- 2 . . . n-2 

cos 78 ±Z sin 78. 

n n 


*It is a iv^ll-known theorsm in the Theory of Equations that 
imaginaiy roots occur in conjugate pairs. 
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The factors corresponding to the real roots are (aJ-l) 
and (a: + 1), i.e., the quadratic factor a® - 1. 

, Those corresponding to the first pair of complex roots are 

/ j / 2?i . . 2n\ 

\ n 71/ \ 7h nl 

the quadratic factor a;®* - 2a: cos ~ + 1, and so on. 

Hence, when n is even, 

■■ |a:® - ” 2a: cos ^ ^ j “ 2a: cos + 1| 

|x®-2x C08^+l|‘ ••• (8) 

Secondly, let n he odd. 

When n is odd, a:” -1=^0 has one real root and 
w “ 1 

2 pairs of conjugate imaginary roots and these are 

^ 27c , . . 271 47t . . . 4?* 

1, cos — ± ^ sin — » cos — ± 7 sin — 

n 7L n n 

71-1 , . . » - 1 

cos ' '71 ±7 sin 7J. 

71 71 

Combining, as before, factors corresponding to the ipaagin- 
ary roots, we get when n is odd, 

x" - 1 « |a: - 1 j|a:® - 2a: cos ^ + l| 

• • * — 2a: cos + 1| 

* 

-(x-l)/> (x*-2x eoB^+l)- •” (9) 
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Cor. ExpresBion of Bin $ into laetorB. (AUemative method) 

From (8), writing 2»i for n (n being an oyon integer), and dividing 
both sides by aj*", 

aj"*-a5“"*= (aj-aj"‘) II (fl5+a5“^-2 cos — V 

r-i V 

B B ^ 

Now, putting ®=co8 - 4-i sin » so that aj+aj"‘ « 2 cos » 

Wl 711 Wl 


B T 

cos ' "“OOS - = £ SHU - — ^ Dili » 

m m 2m 

* . B\ 

dividing both sides by sin I » 


nr rt . - »Tr 
= 2 sin’ - 

m 2iH 

reduces to 


the above 

sin — 

m 


Rafter < 

-[sin* - sin* /J 


f . a (m — l)v* • a ^ 1 

2,n a«]- 


Making 8 0, 

. . sin B . 

. ie — we got, 

S-^O gin- 

711 

1 ^= 2 *"*“* sin® -- sin* sin* 

2//1 2m 2m 

Dividing (i) by (ii), 

. a 8 W . a 8 i 

a sm* ,r- Sin® r— 

sin 6 ^ - 2m _ - 2m 

. 8 ” . a IT ’ . a 2‘»r 

w sin — sin* sin* ^ 


(0 


ml *“*2^ 

As this is true for all integral values of m, make m an 
targe positive integer. 

0 

Thus, since, m sin -- = 8, 

m-»>oo ni 

sin ^ . 

.nd U — 

- 

we nltimately get 

the number of fetors on the right-hand side being infinite. 


(ii) 

• 1 factors. 
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107. Resolution of x" 4-1 into factors. 

Let us first find the roots of the equation + 1 = 0. 

a;” + l“0, or, a;”’ “ - 1 *= cos w + i sin j*. 

1 

Therefore, flj = (cos n + t sin 

By Art. 49, the values of the right-hand side expression 


are 


Qrn + n, . . Zrn + n n i n i /a\ 

cos ~ + t sm * r = 0, 1, 2,...?i-l. ••• (A; 

n fi 

i 

Hence, the roots of the equation a?" + 1 = 0 are 

ji . . • n 3n . . • 3jt 
COS - + ^ sin - * cos — + ^ sm 


n 

^nn ■" 3ji , . . 

cos + 1 sin 

n 


n n 

2nn “ Stt 

■ I 

n 

2nn“‘n, . . 2nn~~n 

cos + e sin " - — • 

n n 


The last term in the above series 


71 71 

'COS Y Sin -• 

n n 


The last but one term 

3:c . . 

■■ cos 1 sin — » and so on. 

n n 

Thus, we get conjugate imaginary roots for r = 0 and 
n - 1, r =® 1 and w - 2, and so on. 

Pint, let n be even. 

When n is even, a;”4-l“0 has ^ pairs of conjugate 
imaginary roots and these are 

7t 71 37t , , , 37t 

cos - ± i sin - » cos — ± t sin — 

n» n n n 

(» 1 ) 3 * . . . (w ”■ l)» 

n . 
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The factors corresponding to the firsi: pair of imaginary 
roots are 

lx- cos “ - i sin ^ I and la; - cos ” + i sin ” 1 
\ n n f \ n nf 

i.e,, the quadratic factor - 2a? cos ” + 1. 

n 

Similarly, the factors corresponding to the other pairs 
of imaginary roots are obtained. 

Thus, when n is even, 

x" + l ■» I®* - 2x cos ^ “ 2a; cos ij 


(*■- 


2a; cos - 


{n - l)7t 


n 


S-1 


2x cos x^l 

D 


+ i)- 


( 10 ) 


X ' / 

La., -// X*- 

r=0 \ 

Secondly, let n be odd. 

Now, for the value of the expression (A) is 

cos n + i sin j* ** — 1. 

Thus, when n is odd, a;*^ + 1 = 0 has one real root and 
n — X 

pair of imaginary roots and these are 


n ... n Sn On 

- - 1, cos - ±t sin » cos — ±i Sin — 

* n n n n 

(n - 2)71 . . . (n - 2)71 

cos ±» sm 

n n 

Combining, as before, the factors corresponding to the 
pair of imaginary roots, we get when n is odd, 

x"+l*|a; + lj|a!® -2a; cos ~ +lj|a?*-2i» oos^ + lj-“ 

|a?“ - 2a; cos + l|» 

w-l 

• (x+1) // (x*-2x 


3n 


t.e., 


( 11 ) 
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Cor. Ezproiilon of cos $ into faetom. (Alternative method) 

d B 

From (10), replacing n by 2fn, putting x«cos — Hi sin ~ » and 

m m 

proceeding exactly as in Cor., Art. 106, we get 

oos ad. inf. 

108. Ex* 1- Express as a prodmt of n factors 
cos wp-^cos nO, 

Dividing both sides of equation (2), Art. 104, by x*\ wo have 

— 2 COB w6 + = II f aj — 2 cos + 

®r*0l n / X } 

Puttting in this equation x~e^^f so that “o"** 

and hence aj + ®” * * + e“ = 2 cos 0, 

a;"+a;-*‘ = e»"* +e*‘*‘* =2 cos w^, 


we have. 


*• IJ 1 2 cos 0-2 cos ^6+ 
«»2"“w |oos>-cos (9 + ^™)|' 
I ti^-cos n9=3""* II |oo8 cos + 


Ex. 2. Show that 


(I) sin sin 0 tin (<l+i)...Bin (0+^»)- 

[ C. B. 1985. J 

(fi) CO* sin (^+^) «« (0+2^)— «» 

(i) Putting aj«l and d«20 in the equation (1) of Art. 104, we 
have 2—2 cos 2»0®*(2 — 2 oos 20) ^2— 2 oos ^ ^ factors 

4 Bin^fi0B4 sin* 0.4 sin* ^0+ to n factors. 

Now, extracting the square root of both sides, the required result 
follows. 
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(ii) This result follows from (i) by putting 0+^ for <p. 

Ez. 8. Prove tJiat when n is odd 
^ann0=(— 1) * tan tan ^0+ 

By changing ^ into <f>+ ~ in the result of Ex. 2(i) above, wo havo 

A 

sin = sin ^ j sin j^0+ ^ ^ J*** to n factors. 

Left side = sin n0 cos ’^ + oos ein’^ 

Is 

«rl • 

*=( — !) ® cos n0, since n is odd. 

Bight side = 2""' cos 0 cos ^ j| to n factors. 

( — 1) ^ COS»0 = 2”"^ COS0COB 

The required result follows by dividing the result of Ex. 2{i) by 

this, 

Ez. 4. Prove iliat 

a"**' sin - sin - Jn. [ C. U. 1939, '41, ’43. 1 

n n 

From the result of Ex. 2 (i), we have, 

[^■^?] [^+^4 

Making 0->O and noting that as 0 tends to 0, tends to n, 

n »2""‘ sin - sin ^ sin - 

n n n 

Now, in the right-hand side, factors equidistant from the beginning 
and end are equal. 

^ 2ip I 

.\ 2 ■ sin - sin - iv/w, 

n n 

the last factor being sin when n is odd, and sin w when w. 
is even. 


coh[0+?^;;U 
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EXAHPIAS XIV(b) 

1. Prove that 

/■\ f\«-i . 7t . Sit , (2n~l)« , 

(i) 2 sin— 1. 

[ Put 4*^^ in Ex, 2(i) worked out. ] 

An 

(ii) 2"“^ sin - sin — •••sin ^ = w. [ 0. H. 1946. ] 

n n n 

(iii) 2"”^ cos ^ cos — cos -^ = 0, 1 or -1 

n n n 

according as n is even or of the foi;ni 42> -M or 4i>- 1. 

[ 0. JET. 1940. ] 

(iv) tan 4* tan ^ ^ factors 

= (“ l)^”, if n be even. [ C. H. 1938. ] 

2* Prove that 

// jcos 0 - cos — J + // 1 1 - COB ^0 + — I = 0, 
8. Prove that 


a^"-a %OBn0 _1_ ^ a> - a cos (o + 

«•» - 2aV cos «0 + a*" ^ 2x«J ^ 

4. Prove that 

cosh n<f> - cos nd = 2*^"^ // |cosh - cos |0 -f ^^j}* 

[ C. E. 1967. ] 

jSw A 2 f...A 2 n are the vertices of a regular polygon 
of 'M sides inscribed in a circle of radius a. 


(i) If 0 be the mid-point of the arc prove that 

0A^.0A2 J2a\ 

(ii) Show that AxA 2 .A^A 2 A^An^a*^^^ »Jn. 
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6. ill, ■42,...il2n+i are the vertices of a regular polygon 
of (2n + 1) sides inscribed in a circle of radius a. If the dia- 
meter through ilfi+i meets the circle again in Q, show that 

QAx . QA 2 QAn-a\ 

7. If Pi, P 2 f *Pfi be the distances of a point P in the 
plane of a regular polygon of n sides from the vertices, 

prove that 

. ... 4._1 n 

Px^ P2^ Pn^ r®^-2rVcosn6 + a**’* 

a being the radius of the circum-oircle, r the distance of P 
from the centre O and 6 tl^ angle between OP and Pi. 

[ C. H. 1981. ] 

& The product of all the straight lines that can be 
drawn from one of the angles of a regular polygon of n sides 
inscribed in a circle whose radius is a, to all the other 
angular points is na^'~^. 

9. Prove that 

sin 2a sin 4a sin (2 n - 2 )a ^ ^ 

sin a sin 3a sin (2w - l)a 

where 2wa = jr. 

[ ^ppjy ihe result of Ex. 1 (i) ^ (U). '] 

10- Show that cot a cot 3a cot 5a cot (2n*** l)a~ 1, 

where 4(n + l)a = j*. 

11. Prove that 

(x + 1)*” + (* - 1)*" - 2 /} [ a* + tan* 

12- Show that 

tan”^ (cot nx tanh ny) 

“ tan“‘ (cot X tanh v) + tan~^ |oot {x + ^ )tanh 
+ tan~^ ” tenns. 

” ic.H.ms.] 

[ See Ex. 6, Ari. 89 and Exi Sfi), Art. 108. ] 
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OHAPTER XV 

MISCELLANEOUS THEOREMS AND EXAMPLES 


Sec. A. — IDENTITIES AND TRANSFORMATIONS 

109. The following examples will illustrate some 
important types of trigonometrical identities and transfor- 
mations. 

f 

Ex. 1 . Prow that S cos (a+^) sin (^-y)=^0, 

2 cos (a + 0) sin (i3-7)»2 (cos a oos^-sin a sin 0) sin (j 3 -y) 
= oos 0 2 cos a sin (j 3 —y) 

— sin 0 S sin a sin (/3^y) 

“0, 

since, 2 cos a sin —7) “0 and 2 sin a sin (18 — 7) =0. 

Ex. 2. 1 / cos^x + cos’ j/ + cos®a+ 2 cos x cos 3/ cos « — 1 = 0, 
show that x±y±2 = (2n + l)ir. 

008*0;+ 008*7/+ cos’s +2 cos x cos y cos jj — 1 

= cos’a!+(cos’i/+oo8’«— 1)+2 cos x cos y cos s 
= cos’® + (cos®!/ -sin’s) + 2 cos x cos y cos g 
«coa’®+cos (f/+s) cos (j/-s)+cos x {cos (y+s)+oos (jy— s)} 
»{coB ®+oos fe+0)}{cos *+cos (y-s)} 

_4 008 008 *-»--* 008 008 

Since, the left side is equal to zero by the given condition, 

. one of the quantities cos ® *«o, 

i,e,f one of the four angles — |^*(2n+l) 5 » 

fc * a 

1.8., »±y (2 h+ 1)t. 
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Ex. 8. Prove that 

S ain 2a sin (/ 9 “ 7 )*= “S sin (i3+7) S sin (j8-7)« 

Right Bide- -{sin cos 7+008 sin 7+flin 7 cos a+cos 7 sin a 

+ sin a cos /S+ooB a sin 

x{sin /3 COB 7 -cos (3 sin 7+ sin 7 cos o-ooa 7 sin a 
+ sin a cos jS-oos a sin /S)- 
— — [{sin /J cos 7+ sin 7 cos a + sin a cos 

-{cos /J sin 7 + 008 7 sin a+cos a sin 

Now, sin’jS oos‘^7-oo 8*/3 siii’7 

= 8in*/3 (l-sin*7)-(l-8in*jfii) sin*7“*8inV“'8in*'y J 

hence, the algebraic sum of the square terms is zero ; the product terms 
are equal to 

2 sin a cos o (sin /3 cos 7 -cos p sin 7) 

+ 2 sin /i cos /j (sin 7 cos a —cos 7 sin a) 

+2 sin 7 cos 7 (sin a cos — cos a sin (i) 

-S sin 2 a sin (/3 -7). 

Note, In this example, putting Jx+a, Jir+]8, Jir+7 for a, ft 7 
respectively, we obtain the identity 

S cos 2 a sin (p-7) *= - S cos (/3 + 7 ) S sin (/3 - 7 )* [ C7. H, 1967, ] 
Ex. 4 . Prove that if 

1 — fan B ta n C 1 — fan C tan A ^ „ 1 — f a7i A tan 
C08'*A cos^B cos^C 

either tan A, tan C, tanB are in A,P., or, A+B+Cis an integral 
multiple of r. 

Taking the denominators to the numerators and expressing them in 
terms of the tangent, the given relation becomes 

(l+tan®il)(l-tan B tan C)+(l+tan*B){l-tan 0 tan A) 

-2 (l+tan’f^Cl—tan A tan R), 
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This, when simplified, reduces to 

(tan ^^tan B+tan C)(tan 4+tan B— 2 tan C) 

—tan A tan B tan C(tan 4+tan B-2 tan C)®=0. 
(tan il+tan B-2 tan C)(tan ii + tan B+tan C 

- tan A tan B tan C) =0 ; 

either tan 4+tan B-2 tan C=0, 
i.e„ tan A, tan C, tan B are in A. P., 
or, tan 4 + tan B+tan C- tan A tan B tan C*=0, 
whence tan (A + B + C) * 0, 

i.e., A+B + C^njr (n being zero or any integer)* 

Ex. 5. If cos A = co8 0 sin 0, cos B=cos<l> sin cos C^cos^ sin 0 
and il + B+C=ir , prove that tan $ tan 0 tan [ C. H. 1935. ] 

If A + B+C=ir, then 

oo8M+oofl*B+oos®C = l — 2 cos A cos B COB 0. ••• (1) 

Now, cob®A+oob®B + oob’‘C 

= ooB*0 sin ’*0+003*0 sin®0+coB*0 8in*d 
■«sin*0 (1 — sin*'*d) + cos*0 (1— 008*0)+ cos* 0 Bin*^ 
«(sin*0+cos*0)-sin*0 Bin*0-oos*0 oos*0+cos*0 sin*d 
«1-Bin*0 sin*d (coB*0+Bm*0)-coB*0 oo8*0 (sin*0 + cos*^) 
+008*0 Bm*0 (Bin*0+ 008*0) 

*1 — (8in*d sin*0 sin*0+oo8*(? oo8*0 cob*0) 

»1— 2 008 d sin 0.OOB 0 sin 0 cos 0 sin 0, from (1). 

Bm^0 Bin*0 8in*0+oo8*d oob*0 oos*0 

-2 Bin 6 sin 0 sin 0 oos 0 cos 0 cos 0^0. 

(sin 0 sin 0 sin 0— cos 0 oos 0 oos 0)* ^O. 
sin 0 sin 0 sin 0»oo8 0 cos 0 oos 0.' 

<*• tan ^ tan 0 tan 0» 1. 
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EXAMPLES XV(a) 


!• (i) If + 5 + C = and cos A = cos B cos C, prove fchafc 
cot B cot C = i. [ C. P. 1933. ] 

(ii) Prove that the expression 

sin® (0 + a) + sin® (0 + jj) - 2 cos (a - j3) sin (0 + a) sin (0 + $) 
is independent of 0. 

0 {h 

(iii) If tan ^ ==tan'** ~ » and tan <t“2 tan a, 

M A* 

show that 0 + </> = 2a. 

« T/! SID X sin sin bx , , , , 

2. If - “ =* » show that 

CL± OtQ dfi 

Cb^ ^ 9iCt 3 ^ 5 ^ fl'fl t ^ 

6E>s fltl 


3. If ^ + B + C = «, prove that 

1 



Bin*il 

cot A 


sin®B 

cot B 


sin®C 

cot C 

4e Prove that if, 



1 

-cos z 


-cos z 

1 

1 

1 -cosy 

-cos X 

then x±y±z=^ (2n + 1)^. 


= 0 . 


- 008 y 

-COB ® 

1 


[ 0. H. 1931. ] 


• 0 . 


[ TJb. dti^TfnintifU when expanded will reduce to Ex. S worked out. ] 
a 0 a + o 



aSO HIOHEB TBIGONOMETBY 

6 . Show that 

S cot (2a + ^ - 8y) cot (2/5 -Ky - 3a) = 1. 

7. If cos*® + cos®!/ + co 8 ®j 2 r - 2 cos a; cos y oosz- 1, then 
show that 

x±y±z = 2nn. 

[ Proceed as in Ex, 2 worked out, ] 

8 . If a + p + y = 0, prove that 

S sin 2a-2(S siv a)(l + S cos a). 

9. If x-^y-^z^xyz, then 



10* Show that 

1 cos 0 cos 23 cos 33 | «0. 

cos 3 cos 23 cos 33 cos 43 

cos 23 cos 33 cos 43 cos 53 

cos 33 cos 43 cos 63 cos 63 

[ Multiply the 2nd row by 2 cos 0 , now if Stdtow be subtracted from 
the sccondt two rows would he identical. ] 

11. Show that 

sin (a + fir) sin (a + y) sin (a + jj) = 0. 

sin (fi + x) sin (jS +|/) sin {p + z) 

sin (y + x) sin (y + y) sin (y + z) 

[ The given determinant is the prodmi of two det^'minants 
(sin a, eos pt 0) a^id (cos a;, sin v, 0). ] < 

12. If a* + p + y « ji, and 

tan i(i®+y”a) twi i(y + a~^) tan + 

then 1 + oos 0 + 008 iJ + cos y=0. -,[0, R. 1984,] 
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13. Granting that A^B,C are the three angles of a real 
plane triangle, prove that the two relations 

Bin®il + sin^JB + sin^C = sin B sin G + sin C sin A + sin A sin B 
and cot 4 + cot B + cot C == v/3 
are equivalent to each other and that either of them may 
be taken to characterise an equilateral triangle. 

[ 0. E, mo ; C. P. 1940. ] 

14. If il + B + C = 7r,andif 

cos A-cot y cot z, cos B #= cot z cot ir, cos C *= cot x cot y, 
then show that cos^a? + cos^V + oos^z - 1. 

15. Show that ^ sin^a; sin® {y - z) 

= 3 sin X sin y sin z sin {y - z) sin {z - £c) sin (x - y), 

[ 23 sin X sin (y—z) — 0 ; now apply the result + c = 

a» + 6» + c»=3a6c/’] 

16. If (sin X + sin y + sin z)^ + (cos x + cos y + cos z)^ *= 1, 
show that two of the angles differ by {2n + l)n* 

17. If cos A = tan B, cos B = tan C, cos C - tan A, prove 

that sin 4 = sin B - sin G = 2 sin 18®. [ C. P. 1939. ] 

18. If 2? (ft + c) tan a = 0 and tan p tan Y - then 
prove that JSa sin 2a ~ 0. 

[ Obtain the proportional values of a, 6, c from the first two equations 
by Gte Buie of Cross-Multiplication, ] 

19. Prove that 

sin (a + p) sin (a - p) sin (y + d) sin {y - d) 

+ sin (p + y) sin (p - y) sin (a + a) sin (a - 
+ sin (y + a) sin (y - a) sin (p + i) sin (j3 - 5) « 0. 

[Put a^sinut b^pnp, c*=stn 7 » d<*sin 8 ; left side beames 
(a* “-6®)(c*-d®) + (6 * -<?*)(<»• which is zero. ] 

20. If tan i(y+«-®) tan i(«+*~v) 
show that £ sin 2a; =4 oos 2 oos y cos a. 
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21. It 8 + 4> + V = n, prove that ’ 

. / 2”-l n . 9 \ . . / 2"-l « . 

tan I gn 'g+gnl+taQ^ 2 “ ’s 

+ tan( - g +^) 

= the product of the same three tangents. 

22. If tan i{y + a) + tan \{z + x) + tan i(® + 1 /) = 0, prove 
that sin aj + sin ?/ + sin £? + 3 sin (aj + 1 / + 2 r) = 0. [ C. H. 1935. ] 

AA X# cos (B+C) , cos (C + A)^ 2 cos (A +B) ^ 

cos A cos B cos u 

tan A, tan 0, tan B are in A. P., or ^4 + 5 + C = nn. 

24 If cos cos y + cos z ^ sin x + s in 7/ + s in z ^ 
cos (x + y + z) Bin (x + y + z) 

prove that S sin (y + z)-0 

and that each fraction = 5? cos {y'^z). [ 0. P. 1938.] 

25. If cos (i3 - y) + cos (y - a) + cos (a - jj) = - f , show that 

(i) cos na + cos nj3 + cos nV is equal to zero, unless n is 
a multiple of 3, in which case it is equal to 

3 cos in (a + )3 + v). [ C. H. 1936. ] 

(ii) cos® (8 + a) + cos* (3 + i5) + cos® {d + y) 

“3 cos (6 + a) cos (d + p) cos {O + y) 
vanishes whatever be the value of B. 

26. If cos X + cos y + cos z + cos x cos y cos z = 0, prove 
that sin*a5 (l + cos y cos je)® = sin^y (l + cos z cos x)^ 

sin^af (1 + cos x cos y)®. 

27. The system of equations 

sin jix - y - jg) ^ sin (2y - g - a?) ^ sin (2z-x- y) 
oos(2flc + y + «) oo8(2y + «+g;) cos(2z + aj + y) 
it y, z be unequal and each less than n, is equivalent to 
the single equation 

008 2 (y+8) + ooB 2 (8+a!) + ooB 2 (a;+|f)*0. 
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28. If (sin^y - cot x + (sin*-? - sin*®) cot y 

+ (sin*® - sin*i/) cot 

then either the difference of two angles or the sum of all 
three is a multiple of n. * 

29. Show that ifa + /J + y + ® + l/ + ^ = 0, 


then 


tan (a + ®) tan (0 + x) tan {? + ®) 
tan (a + y) tan + y) tan (y + y) 


0 . 


I tan (a + z) tan (j? + z) tan (y + «) i 

jf tan (3 - g) ^ t an - a) ^ t^ (v ri«), 

P Q r ' 

show that {q ~ r)* cot {<#> - v) = 0. 


Sec. B— INEQUALITIES 

110. The following examples will illustrate some 
important types of trigonometrical inequalities. 

Ex. 1. If At C are the angles of a triangUt find the ntaxiinum 
values of 

(t) sin A+5m B-\-sin C. 

(ii) sin A sin B sin C, 

Let us suppose that C remains constant, while A and B vary. 

(i) sin A+sin B+sin C»2 sin } (A+B) cos } (A-B)+sin 0 
= 2 cos jC cos J (A— B)+8ip C» 

This expression is a maximum when A^B, 

Hence, so long as any two of the angles A, B, C are unequal« the 
expression sin A +8in B+fin C is not a maximum ; that is the expres- 
sion is maximum when A » B= C*60*. i 

8 k/3 

Henoe, the maximum value* 8 sin 60* 
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(ii) 2 sin A sin B sin C»{oo8 (il-B) - cos (X+B)} sin C 
= {cos M — B) + oos 0} sin C. 

This exprossiou is a maximum wlion A^^B. 

Heftce, by reasoning as before, sin A sin B sin C has its maximum 
value when A « B* 0* 60®. 

Thus, the maximum value* sin" 60® = 

o 

Note. The above example is a particular case of the following more 
general theorem : 

If the mm of n anglest each positive and less than a right angle, 
is constant, then the sum of the product of the sines of the angle is 
greatest when the angles are all equal. 

The method of proof is similar to that of Ex. 1. So long as any 
two of the n angles are unequal, the sum or product of the sines can 
be increased by replacing each of these two angles by their arithmetic 
mean and hence the sum or the product is greatest when all the angles 
are equal. 

A similar theorem holds for the cosines of n angles. 

Ex. 2. Show that 1 between 3 and J. [ C. H. IBSS.] 

sec^O + ian « ^ i. j 

- 80o"g~tan g^ l + tan"g — tan 9 

® ®'*Bec’^+tan d**l+tan'‘*6^ + tau ^ 

(aj-1) tank'd + {a!+l) tan 0 + (a- 1) = 0. 

In order that the value of tan 0 found from this quadratic may be 
real, we must have 

(x+l)* > 4 (x-1)*, 
i.e., - 3a*" + 10®- 3 must be positive, 

i.e., (3x-l)(®- 3) must be negative. 

r 

Hence, x lies between 8 and J. 

c 

Ex. 8, Show that if 0 lies between 0 and r, 
cof coi 8 > 2. 


[ 0. p. mi, ] 
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cot iB -cot 


Q OS jB _ cos 0 _ cos jO— Q OS B sin jB 
sin id sin d sin d sin id 

si n 3d _ 3 sin id"»4 sin^jd 

sin id sin d sin id siii d 


Bs ^ sin^d ^ 14-2 008 jd 
sin d sin d 

= cosec d + r— 7 ^-^^-i^-~r-r=C 0 S£?C d + C 0800 Jd. 

2 sin id cos id ^ 

Now, since d lies between 0 and t, eosec d and cr>see id are both 
positive and each not less than 1. llonco the result. 


E^CAMPLBS XV(b) 

1. If A, B, G are the angles of a triangle, find the 
maximum values of 

(i) cos A + cos B + cos C. 

(ii) cos A cos B cos C. [ C, IL 1037, ] 

(iii) tan tan ^ tan ^ • 

2. 1{ A+B-^C ^ Tit find the minimum values of 

f 

(i) cosec A + cosec B + cosec C. 

(ii) sec A + sec B + sec C. 

(iii) tan A + tan B + tan C, 

(iv) cot A + cot B + cot G. 

(v) tan® 2 +tan® +tan* 

[Usel> tan f tJtn 2 “ ^ 

{vi) cot*,4 + cot®J3 + cot®C. C 2 cot B cot C* I. ] 

(vii) sin* ^ + sin*-^ + sin® ^ • 
t Us 0 2 sin' /I). ] 
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8. Write down the general theorems corresponding to 
the inequalities in Ex. 2(i), (li). (iii), (iv). 

4* If A, B, C are the angles of a triangle, show that 
2 (cot + cot + cot 0) is not less than (cosec A + cosec B 
+ coseoC). [C. P. 1933^ 


5. If At B, C he the angles of a triangle, show that 

cos + cos B + cos C lies between 1 and i. 

[ a H, 1936. ] 

6 . Prove that the maximum triangle which can be ins- 
cribed in a given circle is equilateral. 

[ Area Jtc sin A *= 2B® sin A sin B sin C. ] 

7* Prove that the maximum triangle whose perimeter 
is given is equilateral. 

[ A = a''* tan ^A tan tan iC ; use Ex. l{iii). ] 

8 . In any triangle, show that the in-radius is never 
greater than half the circum -radius. 

C Use r^4tB sin iA sin JB sin JC. ] 

9. Prove that in any plane triangle, the value of 
tan B tan C + tan C tan A + tan A tan B cannot lie between 
0 and 9. 

C Tlie exp. » 1 4- sec A sec B sec C. ] 


10. Show that the geometric mean of the cosines of 
n acute angles is never greater than the cosines of the 
arithmetic mean of the angles. 


11 . 

12 . 


Show that tan BA cot A cannot lie between 3 and i. 


Find the maximum value of 


tan^g-oot^g + l ^ 
tan®ip + cot*»-l 


Show that in a triangle ABC, 

8 sin iA sin iB sin iC > 1. 
[ or -B* (1-8 «in lA sin iB sin iO. ] 


18 . 
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14. Show that in a triangle 

a;* + + jgf® “ 2yz cos A - 2jsra; cos B - 2.ry cos C is positive 

unless X : y : z-a : b : c, 

16, If tan B + tan 4> = a, 

sec 0 + sec = fe, 
cosec 0 + cosec • c, 

and if b and c are of the same sign, show that be > 2a. 


2. (i) 2 ^/3. 

(v) 1. 

12. j. 


ANSWERS 

(ii) 5- 

(ii) C. (iii) 3 JA, (iv) 

(vi) 1. (vii) J. 


Sec, C.— ELIMINATION 


111. The elimination of variables from given trigono- 
metrical equations is a very important and common mathe- 
matical problem. There are no set rules to effect the 
elimination. The form of the equations will often suggest 
special methods and in addition to the usual algebraical 
artifices, we shall always have at our disposal the identical 
relations subsisting among the trigonometrical functions. 

The following examples will illustrate some useful 
methods of elimination. 


Ex. 1. EUminate 0 between the equations 
a cos 0 + 6 sin 0+c=O 
a* cos 0+6' si/n 0+c'»O, 

From the given equations, we have, by cross-multiplication, 

QOS ^ ^ si n 0 ^ _ 1 , 

he' — 6'c*' caf — c'a ah' — a'6 


cos 


6c 

”o6^ 


h'c . 

•iV 


and Bin 0 


ca'— ca^ 
ab'^a'i 
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Squaring and adding, we get, 

(6c' — 6'c) * + (ca — c'a) * = (ab' — a 6) * 
as the required eliminant. 

£x. 2. Eliminate B from the equations 
X sin B-^y cos 0 « 2a ain 2B 
X cos B-y sin B^a cos 2B. 

[ C. H, 1929, *3L 1 

Solving as simultaneous equations in x and y, wo have 

X » a(oos 20 cos 0 + 2 sin 20 sin 0) 

*=a[cos (20-0)+ sin 20 sin 0] 

= a(oo8 0 + 2 sin®0 cos 0)^ 
y=a(2 sin 20 cos 0-coa 20 sin 0) 
sa(Bin 0 + sin 20 cos 0)=a(8in 0 + 2 sin 0 cos®0). 

X‘\-y = a{B[ii 0 + CO8 0)(l+2 sin 0 cos 0) 

= a(8in 0 + CO8 0)(sin 0 + oos 0)*=a(cos 0 + sin 0)*. 

Similarly, «-?/=a(oos 0-sin 0)(l-2 sin 0 cos 0)=a(cos 0-sin 0)*. 

(cos 0 + sin 0) = (aj+y)^ ••• ••• *»• (i) 

(cos 0- sin 0) = (05-2/)^ ••• ••• ••• (ii) 

Hence, squaring and adding (i) and (ii), we have 

as the required eliminant. 

Ex. 8. Eliminate 0 from the equations 

“ cos 0+ T sin 0*1. 

a b 

X sin B'-y cos B^(a^ sin*0+6® cos^B)^. [ C, H. 1934* 3 

Squaring the given equations, we have 

T oos^8+^ Bin e cos e+fC sin’tf-l 

a* ab 6* 

«8in®0+co8*0. ••• ••• (1) 

8in®0-2»y sin 0 cos 0+y* cos*0 
" sin*0 1-6* oob*0. 


... (B) 
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Transposing, (l) reduces to 




-“a — cos*d+ sin $ cos ^ + sin*d«0. 

a ao 6 

Transposing and dividing by ah, (2) reduces io 

Adding (3) and (4), we get, 

/coB^g , sin^g\ ^ /8in®g+co8’'d\ ^ 

<x\o 6/ 6\6 a f ' 


(s) 

«> 


v’-fi'* 


=0. 


i..., *-+?l‘=a+6. 

a 0 


This is the required eliminant. 

Ex. 4. Show tluit the eqnaUove 

a cos 0 cos 6 sm ^ sin ^ *= c, 
a cos f cos g + 6 sin ^ sin g=»c, 
a cos B CDS 0+6 sin d sin 0 = c, 
arc inconsistent unless 6c+ct+a6 = 0, 

From the last two equations we see that 0 and 0 satisfy the equa- 
tion in SB, namely 

a cos e cos sb+6 sin 0 sin a;-c. 

I ^ 

Writing t for tan i®, cos®=£~a» sin® =”^-5* and simplifying^ 

we therefore get tan i<p and tan J0 to be the roots of the equation, 

(c+rt 003 B) t*-26 sin Bd'hic-a cos d)»0. 

X w . X 1 # 26 s in B 

Thu*, tan J«i+tan ^ 

■■■ 
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Similarly, tan i (i^'+S) - - tan <t>. 

ct 

tan J (0 - 9) - tan ft (<6 + if-) - J (i^’ + 

- (tan 9 -tan 0) 

(I 

1+^ tan 0 tan <f> 
a* 

nb sin (g — 0) 

"a** oos 6 COB 0+6“ sin 6 sin 0 

‘Whence, (remembering that 6 and 0 are different, otherwise two of the 
given equations become identical) 

a® cos 0 oos 0+6* sin 5 sin 0= — a6{l + cos (0-0)}, 
or, a{a+h) cos 0 cos 0+6(a+6) sin 0 sin 0+a6 = O, 
or, using the last of the given equations, 

(a+6)c+/i6=0, 
i.c., 6c+cfli+<i6=0. 

Note. A system of equations which is inconsistent unless tho 
coefficients satisfy a certain relation, is said to be prismatic. When 
this relation is satisfied, the equations have an infinite number of 
solutions ; in fact in that case any one equation can be deduced from 
the others. 


EXAMPLES Xy(e) 

1. Eliminate B from the following pair of equations : 

(i) cot (l + sin fi) - 4a 
cot (l - sin fi) ■» 46. 

(ii) a? -a cos 0 + 6 cos 26 
y - a sin 0 + 6 sin 20. 


(hi) X = tan 6 + tan 26 
y « cot 6 + cot 20. 
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(iv) a sin 0 + 6 cos 0 — 1 

a coseo 0-6 sec 0 — 1. 

(v) X — sin 0 + cos 0 sin 20 
y — cos 0 + sin 0 sin 20. 

(vi) a? + a = a(2 cos 0 - cos 20) 
y = a(2 sin 0 — sin 20). 

(vii) 05 = 3 sin 0 - sin 30 
y = cos 30 + 3 cos 0, 

(viii) X = cot 0 + tan 0 
t/ = sec 0 - cos 0. 

(ix) X sin 0 — y cos 0 = Jx^ + y"^ 

cos^O sin^O 1 
a* 6* 

(x) — — cos 0 + cos 20 

€b 


V 

h 


= sin 0 + sin 20. 


(xi) 


ax 

cos 0 


by 

sin 0 


a® -6" 


aa? sin 0 ^ 6y c os 0 _ ^ 
cos 0 sin*0 
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(xii) “ cos 0 - ^ sin 0 = cos 20 

' ' a 9 

“ sin 0 + ? cos 0 = 2 sin 20. 
a o 

2. If COB (0 - a) = a, and sin (O - /j) - b, shov that 
»• “2a6 sin (o-p) + 6* — cob* (o-p). 


16 
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8. Eliminate 9 and <l> from the equations : 

(i) - cos 0 + T sin 9 » 1 
(I o 


35 y 

- COB + r Sin == 1 
CL 0 

co s 6 o oB ^ sin B sin ^ 
a * ” 

(ii) sin 0 + sin </» = a 

cos 0 + cos <^ = 6 I 

sin 20 + sin 2<^ = 2c. 


[ C. H. I93P, *453. ] 


[ 0. H. JP3S. ] 


4. If a, p, y be unequal angles each less than 2;i, prove 
that the equations 

cos (6 + a) sec 2a = cos (O + p) sec 2)5 = cos (O + y) sec 2? 
cannot co-exist unless 


cos (i3 + y) + cos (y + a) + cos (a + p) = 0. [ 0. H. 198^, *40, ] 

5. Prove that the equations 

a® tan 0+a® tan B cot <^ + cot <#> = 0 
fc® tan 0 + J® tan B cot + cot = 0 
c® tan 0 + c* tan B cot + cot = 0 
can co-exist if either 6c + ca + a6 = 0, or else two of the 
constants a, c are equal. 

6 . If a cos a + 6 cos j5 + c cos y = 0 

a sin a + ft sin p + o sin y-0 
a sec a + 6 sec jS + c sec y « 0, , 
prove that, in general, ±a±b±c = 0, 

7. Eliminate 0 and 4> from the equations 

sin O + sin — 

C06 O + oos ^ = 6 
tan 0 + tan 



ELIMINATION 


243 


8» Eliminate x and y from the equations 
cos X + cos y = a 
cos 2x + cos 2t/ = b 

\ 

cos 3a; + cos 3y *= c. [ 0. P. 1941, ] 


9* If a sin 6 — 6 cos 6 «* — sin 46 
and a cos 6+6 sin 6 = § - $ cos 46, 

then (a + 6)^ + (a = 2. 

10. Eliminate x and y from 

a sin^fl? + 6 sin^y ^ 6 sin^ar + c sin^ y ^ c sin^^^o; + a s i n^y 
6 cos *3? + c coB^y c cos'^x + a cos^y a cos^o: + 6 cos“t^ 

11. Eliminate 6 and from the equations 

(i) tan 6 + tan cot 6 + cot ^ “ ?>, 

6 + <^ = a. 


12 . 


(ii) fl? sin®6+y cos®6 = a, x cosV + V Bin“<3&-6, 

0? tan 6 = 1/ tan [ 0. P. ] 

T, cos (a - 36) sin (a - 36) , ^ 

COB 6 Sin 6 


m® + m cos a = 2. 


[ C. H. 1957. ] 


18. Eliminate a, 6, c from 

6 cos y + c COS p = a 
c COB a + a cos y — 6 
a cos P + 6 cos a = c. 

14. Eliminate a, 0, y from 

COS a + cosj3 + oos Y^a 
sin a + sin i5 + sin y = 6 
cos 2a + coS 2ff + cos 2y = 0 
sin 2a + sin 2P + sin 2y ** d. 
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16. Show that the equations 

a COB {4t+v) + b siu (<^-v) + c“'0, 
a COB (v + 0) + 6 Bin (v'-e) + c = 0, 
a COB {d+4t) + b sin (9-^) + o=0, 

cannot hold simnltaneonsly for unequal values of 6, v 
unless o® - i* + 26c = 0. 

[ Replace a by a+b, b by b—a and c by —c in Ex, 4 worked otd, ] 
16. If (x - a) cos e + y sin 6 - o) cos ^ + y sin ^ = o 

and tan iO - tan 2c, 

and 0 and ^ are unequal angles less than 360“, prove 
that y® 2aiB - (1 - c®) «*. [ C. H. 19S7. ] 


ANSWERS 

1 . (i) (a*-6*)»=«6. (ii) a*{(»+6)*+j,»}=(9!»+»»-6*)». 

(iii) (a+8i/)*-a!3/*(e+ai/). (W) a*+6* = l+6^-6^. 
fv) (e+y)^+(«!-y)^>=a. (vi) (a’+y’+Saal’^ia’ (»*+#*). 
(vii) (yiii) x^y^ = 

(xi) (a«)*+(6ff)*-(a»-fl^. 




8. (i) »*+3^*=a*+6®. (ii) (fl6-c)(fl*+6*)“2a6. 

7. (a*+6*)*-4a*-^- 8. a{3+86-2a*)-c. 

10. a'+l>*+c*-8a6c-0. 

11 (1) a&xfb-a) tan a. (ii) **(»-aM»-b)“»*{*-a)(»-6). 

18. eos*a+oo8V+oos'7+2 cos a cos iSeoStYxl. 

14. (a*+6*)(a*.+6*-4)+c’+«i>-2<j{a*-b*)+4aM. 
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Sec. D.— SYMMBTEIO FUNCTIONS OF BOOTS OF 
EQUATIONS 

112. Funotiona of trigonometrical ratios of angles of the 

type I a + — ) or — can be deduced from the expansions for 
\ 71 / n 

sin 71$, cos 71$, ( Arts. 94 and 95 ) and the expansion for 
tan fi$ ( Art. 52 ). 

From Art. 94, we have, if n be odd, 

(2 cos “ 71 (2 cos (2 cos $)^^^ - 


+ ( - 1) '^.n.2 cos 0 - 2 cos »0. 
v^ames a. a i * •'*. ax ■"* 


If $ has any one of the n values a, a + -j* • "i a 

then, cos n$ has the value cos na. 

Hence, putting x = 2 cos $, the equation 

n n-2 . . ... 

X “ wa? T — 2 j~' ^ 


» , 2 cos 




•••+(-1)’* w®-2cos»o = 0 ••• (1) 

has the roots 

3 cos a, 2 cos 1 2 cos |a + ~ 

Similarly, if n be e®e«, 

+ (-l)®.2-2co8»a = 0 ••• (2) 

has the roots 

2oos|a + -~j’ r=0, 1, 2,...n“l. 

The expansion of sin «fl ( ^rf. 95 ) gives a'h equation with 
Toots of the same type. 
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The expansion of tan nd ( ArL 62 } gives an equation 
with roots of the type tan |a + ” J’ 

Again, expansions of Art. 96 can also be similarly 
employed to obtain symmetric functions of roots. 

In these equations making a approach zero, equations 
involving functions of rnin can be derived. In such cases 
it is often necessary to use the relation 

7 - . sin w© 7 - . sin nB .6 
Lt ~ — r ^ •"* — = 

sm 0 6^0 ^id sin 6 

Ex.l. If n be even, find the value of 

(i) cos a + 

(ii) scco+sfic^a + ~j+ + sec 1« 

Let oBi, (Cat iCft l)e tho roots of the equation (2) above ; then 

(i) the given Xn 

= Js COB no| 

(ii) tlie given ezp.s2 |; 7 -+;^+ 




•Xn ^ — ooeff. o fg 

a; * Xn ‘^'oonstant term 

n 

0. 


const, term 
Bx. 9L Ifnbe odd, find the value of 
(f) tan a+to« ^tt+ ~ j+ten 

(*i) tan - tan ^ tan 


•+tcm 50 + 
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From Art. 52, if n be odd^ 

, «-A 

^ ^ n tun ^ — tan *^4- + (-l) ® tan"^ 

tan nB^ * 

l-"catan*d4* + (-l) * ntan"“^^ 

If B has any one of the n values a, o+ — » a + ~’*^ * a + 

n n n 

then tan nB has the value tan na. 

Hence, putting aj=*tan B, vte have 

rL~x 

(-1) ^ «**+ -*Caaj*+iiaj 

"■Tl* 

-tan no {(-!)» + -*Caa:» + l>«0. - (3) 

This equation has n roots, tan r=0, 1, 2 n- 1. 

(i) Given exp. = sum of all the roots of equation (S) 

ooeff. of . 

— — s= n tan no, 

coen. of X 

(ii) From equation (3), vire have 

tan a tan ^o+ ^)tan ton factors«(-l) •’ tan no. 

tan ^ 0 + ~ ^ tan ^o + ^y^tan |a+ | 

^ * 4-.o.n ft 


Now, making a approach zero, we get 

n n n ' ' a-»0 tan a 

!tr3L 

»(-i) “ «. 

113. The evaluation of symmetric fnnctiona of the 
trigonometrical ratios of angles ~ particular 

values of n may be obtained in varions ways . most of them 
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ultimately depend on the formation of an equation of which 
the given trigonometrical ratios are the roots. 

Ez. 8. Prove that 

W 2ir , 4ir . 1 

cos y +C05 Y + cos 7 “ 2 ‘ 

/..V ^ 2ir 4ir 6ir 1 
(m) cos y cos y cos 7 " * g • 

If 78ss2nir, where n is zero or any integer, we have 
40«2»wr— 38. 
cos 48 s= cos 38. ** 

By giving to n the values 0, 1, 2, 3, the values of cos 8 obtained 
from the equation are ' 

* 2ir 4tr 6ir 

cos 0, cos Y * COB Y* 7 * 

It can be easily seen that no new values of cos 8 are found by ascrib- 
ing to n the values 4, 5, 6,..., for cos y« cos cos -y =cos etc. 

Now, cos 48 = 8 cos‘^8- 8 006*8 + 1, 

and cos 38s 4 cos*8- 3 cos 8 ; 

therefore, putting a;soos 8, the equation cos 48soos 38 becomes 
8aj^-8aj* + l = 4a;*-3a?. 
or, 8®^-‘4«*-8!B* + 3»+1 sO. 

2^ 4x Gtr 

Since, cos 0, cos y* cos y’ cos Y ^he roots of the above 

equation 


/•\ ^ fx . 2*" . 4ir . 6ir 4 

(i) cos 0+oos Y +C0S y +00S y * Q * 

cofly +008y+00Sy = - y 

/..V ^ 2ir 4 t ^ 6ir 1 

(n) OOS 0 008 Y OQB ^ cos ^ - g • 

5|t 4ir _ 6r 1 
ot, 008 Y «» Y 7 “ 8 * 
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Note. Since the angles fr, etc. are in A. P. with the common 
difference the values of the expressions of the type (1) can also 
be easily obtained by applying the formula for the sum of cosines of 
n angles in A. P. 

114. The sytnmefcrio functions of the roots of certain 
types of equations can be best obtained by expressing sine, 
cosine and tangent in terms of tangent of half angles. The 
following example illustrates the method. 

Ex. 4. Prove that the eqitation 

a® cos®d+6® sin^$+^ga cos d+2/6 sin e4-c“0 
has 4 roots and the swn of these roots is an even multiple of t. 

$ 2t 1****^® 

Lot f = tan 2 ; then sin ^ = \ cos <? = 

Substituting these values in the given equation and simplifying, 
we get 

i*(a®-2flro+c) + 4/6i* + <®(46®-2a® + 2c)+4/6i+a® + 2ga+c«0. — (l> 

This equation has 4 roots, say, t^, 

Now, tan = _^._=0. [ see AH. &6. } 

since, tan tan tan tan J®, 

*“ 2t j •“ "Sitit^t^ 

~ I ^ - - ^a+c t from equation (1)] 

=0. 

9i±i2.±_®j±il=,i,, i,e., tfj + ,, + fl, + ,^-2nir. 

Note. This is a solwtion of the well-known geometrical problem 
nam^y **If a circle and an ellipse intersect in founpoints, the sum of 
the eccentric angles of the four points is an even multiple of two right 
angles'' 
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wn m ’Tjf COs(^ + a) C0.9(^ + o) COs(^ + o) - j i* 

Ex. 5. If — — ir-_'ea — -z, wfierc no two of tlie 
s%n*9 sm*<p siw*^ 

angles By tpy ^ differ by a multiple of ir, prove that 
(i) tan a^cot 6 + cot <t>+cot 
(fi) 0 + 0+\t«nir. 

Put J ^ values of x which satisfy the 

.. cos (a+a) - 
equation, 


Now, 


cos (x + o) cos ®_cos 
8in*'fl5 


a — sinj^sin a ^ cot x cos o — sin a 
sin“® Bin*a5 


“(cot X cos a — sin o) ooseo®® 

“(cot X cos tt— sin a)(l+cot®®) 

“oot*a?cos a — cot*® sin a + cot a cos o— sin a ; 
.** cot By cot cot ^ are the roots of the cubic in X, namely, 

X* cos o — X* sin a + X cos a— (sin a+A:)“0. 

•*. 2 cot 0 “tan a, 

and 2 cot B cot 0“ 1 ; 2 tan 0“tan B tan 0 tan 0 ; 

tan (0+0+0)“O ; 0+0+0“nir. 


EXAMPLES XV(d) 

1. Prove that if n be odd 

(i) cot a + cot|a + ~ | + cot |a + ^| + ••• to n terms 

-n cot na. [ 0. K 1937, ] 

(ii) sec a sec |a+ - -seel a 4-^ — — | 

= 2"“^ sec na. ‘ 

I 

(iii) Bec*<i + Beo* |a + ^| + “• +8ee*|a+ ^ 
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2. Prove that the values of ai which satisfy the equation 
1 - »* - + - 


n(»-l) ^8 n(n- iXw “ 2) ^ 


21 ■ 3 ! 

+ (_l)4»(»*+i)a,» = 0 

are given by a; = tan where r is any integer. 


[ a H. 1938. ] 


8. Show that the roots of the equation 
»“ + - 4®®,- 3®* + 3® + 1 = 0 

are 2 cos 2 cos etc. [ C. H. 1932. ] 

[ Proceed as in Ex, 3 worked out, ] 

4. If 01 , 0a, 03 , 04 are four roofcs (which do not differ 
from one another by a multiple of n) of the equation 

a sec 0 + 6 coseo 0 = c, 
prove that 2;0i = (2 to + 1) n. 

Give a geometrical interpretation of the result. 

B- m .V 4 tan 0 (l “ tan*0) 

5. From the identity. 

calculate the four values of 0 which lie between 0 and n 
and conform to the relation tan 40 = 1 ; and make use of the 
above formula to exhibit the four roots of the biquadratic 
a* + 4a;®-6fl;'*-4a? + l = 0 

. n . 5n . dn , 13:i 

as tanjg. tan jg. tan jg. tan-^g * 

6 . Prove that 

oos^ + oosl^+oos j| + oo8j-£ + cos|^”" ^ 

[C.P. 1929.1 


[ Compare Nate of Art. IIS. ] 
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7. If X 2 t Xb be the roots of the equation 

tan (a? + a) = Ic tan 2 ar 

no two of which differ from one another by a multiple of 
prove that aJi + oJa + + a is a multiple of n. 

[ P. fl. 193d ; 0. H. 1940. ] 

8 . Prove that the equation cos 2x + a cos a + 6 sin x 
+ c “0 has in general four solutions a?i, ®a» ® 8 i between 

0 and 27t. Also prove that aJi + a?a + 

% 

9. Prove that 

cot®a + cot* I a + ^ | cot* | ® + • • * to w terms 

** n* cot*wa + w(n - 1). [ C. H. 1946, } 

10* Prove that 

^ n , dn , ( 2 n-l) 7 r ^ 

tan ^ tan 7 - tan — , = 1. 

4n dn 4n 

11* If Xu flja, ® 8 » a?* are four different values of x which 
satisfy the equation 

a cos 2iF + & sin 2rr - c cos a? - d sin a? + c « 0 , 

. , « . be -ad 

then, S sin 

[ TJie given equation can he put as a biquadratic in x, 

sin*x (4a* + 46*) +«n*a: (4/7d-46c)+ ■»0. ] 

12. If tan Of tan tan v are all different and such that 

tan 30 = tan 3^ ■* tan 3v 

then, S tan 0 , 57 cot 8 « 0 / 

^ m(u/V ton SsbH-. tan 9, (iffi tan art roots cf 

V-8a*-8X+&-a] 
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18. If tan (a -* O) + tan (a - + tan (a - v) = 0 

tan (i5 - 0) + tan (j3 “ <A) + tan (/5 *“ v) == 0 
tan (y - 0) + tan (v - <ii) + tan (y - y) = 0 
where no two of the angles a, j3, y differ by a multiple of w, 
prove that 

tan (0 + </> + y) = tan (a + ^ + y). 

14. If a* cos a cos i5 + a (sin a + sin )3) + 1 ~0 

and 'fl* COB a cos y + a (sin o + sin y) + l = 0, 

prove that a® cos j3 cos y a (sin /5 + sin y) + 1 ~ 0, 

P and y each being less than n. 

Sec. E.— SOME TRIGONOMETEICAL LIMITS 

116. To prove that 

sinS < 0 < tan 

where 0 is the circular measure of any positive acute angle. 



Let AOP be a positive acute angle whose radian measure 
is 0, and let QOA be an equal angle on the other side 
of OA, With centie 0 and any radius, a circle is drawn 
cutting OP, OA, OQ at P, A, Q respectively, PQ is joined, 
cutting OA at N. The triangles OPN and OQN are easily 
seen to be congruent, so that PN—QN and PNQ is 
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perpendicular to OA, The tangent FT to the circle at P 
cutting OA at T, L OPT is a ri^t angle. TQ being joined, 
the triangles OPT and OQT arc easily proved to be congru- 
ent, so that TP* TQ, 


The figure is thus symmetrical about OA, 


Then, from the figure, 


sin B 


PN I PQ 
OP 2 OP 


- arc PA 1 arc PAQ 
OP"^"^ 2 QP 


tan 6 


1 PT+QT 
2 0P~'* 


Now, we may take it as axiomatic that^the straight line 
PQ is less than the curved arc PAQ, and that the curved 
arc PAQ which always bends the same way, being within 
the triangle PTQ, is less than PT+ QT. 

Hence, since PQ < arc PAQ < PT+ QT, 

we have, on dividing throughout by 20P 
sin 0 < 0 < tan 0. 


Alternative method : 

Let ABG be a circle whose centre is 0 and radius is r. 



Let AOB * 6 radians. ’ 

Draw BT the tangent at B to meet OA produced at T ; 
then BT^r tan 0* 
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We know that if the angle of a sector of a circle of 
radius r is 6 radians, its area = 

Now, from the figure, it is obvious that 

l^OAB < sector OAB < AOTB. 


/. ir* sin B < < inr tan d, 

i.c., sin d < d < tan d. 


116. 


To prove that 


Lt 


sin 6 


-1 


Lt cos 6 = 1 

0-^0 


« 


and Lt ^^-1. 

Since, sin d < d < tan d, we get, on dividing by sin d, 

i<J-< . 

sin d COB d 

This is true, however small d may be, provided it is 
positive. When d becomes infinitely small, OP and ON 
practically come into coincidence, so that 
ON 

cos d = qP ultimately becomes 1. 

Hence, Lt cosd = l, 

1 d 

In that case — -r also tends to the value 1. But -t“ - 
cos d sin d 

always lies between 1 and which ultimately come into 

cos d 

0 

coincidence, and so ^ also ultimately coincides with 1. 
sin u 

Thus, = 1 in the limit. 

Again, from sin d < d < tan d, 

0 

we get by dividing by tan d, 006 g < r — < 1 

tan d 
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and as 0 -> 0, cos 0 1 and 


r — 2 always lying between 
tan u 


COB B and 1 which come into coincidence, = 1 in the 


limit and so Lt = 1. 

0-^0 0 


Hence the results. 


Note 1. The above relations also hold good when 0 is negative 
and -► 0. For writing 0=-~4»,<t>iB positive and 0. 

Thus, 

^-►0 0 0-^0 0 

Note 2. The above relations are* often expressed loosely but 
conveniently, by saying that, when a is a very small angle we can take 
sin d«de=tan 0 and cos d*=l. But it should be remembered that the 
statement is only approximately true, the error becoming less and less 
as 0 grows smaller and smaller. For instance, 

5^ ~ *08725 radians ; and from the tables we get 
sin 5“ »= *08716 and tan 5® -=*08749. 


Note 8. It should be carefully noted that the above relations hold 
good when and only when the angle is expressed in radian measure ; 
but if any other system of measurement is used, tho results require 
modification, as shown in Ex. 1 below. 

Ex. 1. Ftnd the value of — V 

x-*‘0 \ X / 

Let 0 bo the number of radians in x*, then 

aj 0 . 1806 , . o • /, 

*= - • . . sc » also sin x = sin 6. 

• sip IT sin^ jr s^6 
X “'1806 *180* 6 

Now, when sc 0, 6 also tends to zero. 

. /sin®*\ T r. /sinBX t 

•• oj j“l8oi^fo\ 6 j“l80 

Ex. 2. Find to 5 places of decimals the value of sin loithout the 
use of tables* 


Since, 2"^ 


T 

*90, 


radians which is small. 


.*. sin 2* (approximately) » - ** '03491. 
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Ex. 8. If B be the number of radians in an acute angle, show that 
cosB > 1 — and sin B > 8- J8*. 

Sinoe, cos 8« 1-2 sin* }8 and sin J8 < 18, 

/. oos 8 > l-2.(i8)*, i.e., > 1- J8*. 

Again, sin 8a2 sin 18 cos 18 >>=2 tan 18 oos^ 18. 

sin 8 > 2 . 18 . 008 ^ 18 [ '.* tan 18 > 18 ] 

> 8(1- sin* 18) 

> 8{l-(i8)*> [*.• Bin 18 < 18] 

> 8-lg». 

Ex. 4. Show that — continually diminishes from 1 to ^ as 8 
continually increases from 0 to 


Let X denote the radian measure o£ a small positive angle. 
Then. 


if (8+®) sin 8 > 8 (sin 8 oos «+oo8 8 sin «), 
i.s., if 8 sin 8 (l-cos »)4 (® sin 8-8 cos 8 sin x) is positive. (l) 

Now, 1 — 008 « is positive. 

Again, since tan B > 0 , sin 8 > 8 cos 8 

and since x is an acute angle, /. x > sin x, 

X sin 8 > 8 cos 8 sin x* 


Thus, (1) is positive, and so, 

0 B+x 

sin 8 

— 0 — continual] jr diminishes as 8 continually increases. 


When #-*0.^4.i;wh6n« - 

0 2 8 T 

Henoe, the proposition. 
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117. To prove tJuit 

(i) Lt (cob|)"-1 ; (ii) Lt |— -1. 
n^oo \ n; ii^oo ^ o 




(i) Let u denote the given expression. 

Since, cos ^ -(l-sin® » 
n \ nl 

■■■ 

log M- 2'^og |l-sin“^ j 

“ log (1 - a?), putting x = sin*^ - 
A 1% 

_ n _ log (l - x) 

2 X 

B B 

When n - and hence sin® * ■ 0 and it is known 

n n 


from Algebra that Lt 

x^o X 




log (1 - .r ) ^ J 
X 

Lt log u= Lt^- - Lt ^ Bin* ^-0. 
[8inoo.I,< x|l-Jx0-0.]. 

i.e., the limit of the given expression is 1. 

(ii) By Art. 113, , 

Bin < tan • 

n n n 
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d 

Now, dividing throughout by sin “ » and raising all the 

quantities to the nth power, and then taking their recipro- 
cals, it follows that 



lies between 1 and 



But by (i), Lt |cos — j =1. 

Hence, the limit of th*e given expression is 1. 


EXAMPLES XV(e) 

0 B 

1# Show that Lt n sin - ^Lt n tan - ■ 
n-^oo n n-*oo n 

^ ^ sin ri tan a0 a 

2. Show that Lt . i^^Lt 7 r~«« -• 

$■^0 sill oB tan bB b 


3. Show that Lt 

x-*0 


( tan X \ ^ n 

x'l^m 

Show that 

*->o \ X I x-*o \ X I 10800 


5. Show that sin (cos B) < cos (sin B) where 3 is a 

positive acute angle. [ C, H, 1989. ] 

6 . Show that ^ if 0 < a: < in. 

X sin X 

7. Show that 2(l - cos a;) > oj sin a?, if 0 < a? < n. 

sin X j 

X i 


8. Show that 


sinhjr 


X 



9, Prove that B > -■ > if 0 < d < in, 

^ + cos 9 

10. If a lies between 0 and in, show that as B increases 
from 0 to a, the expression a sin 9 ^ 0 sin a first continually 
increases and then continually decreases. * [ (7. H. 1941. ] 



APPENDIX 

A SHORT NOTE ON THE CONVERGENCY OF INFINITE 
SERIES AND PRODUCTS 

1. Series of real terms. 

Consider the infinite series + w# + Wg + + Wn + '*• 

of which the terms Uu ^3* all real. 

Let Sn-Ui +U2 + ••• + w«. 

If 8 n tends to a definite finite^limit S, as n tends to <», 
then the series is said to be eonvergent and S is called the 
sum of the scries. 

Let us consider the infinite series 

1 + I + ^ + Js + to infinity. (l) 

Here, ^ 2 2^* ^ ■*’2'*"^ 



Lt Sn - 2, which is finite. 

n-»oo 

the above series is convergent, having 2 for its sum. 

If Sn tends to + <» or - as n tends to infinity, the 
series is said to be dlveigenL 

Let us consider the series 

l + 2 + 2* + 2* + — + to w. 

Here, S*'* 1 + 2 + 2 * +•••+ 2'*“* 

2»-l 


•• ( 2 ) 
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Lt Sn* 

n-^oo 

the above series is divergent. 

A series (consisting of positive and negative terms) which 
is convergent and w'ould remain convergent when all the 
terms are taken positively is said to be an absolutely convergent 
series, and the series which is originally convergent but 
becomes divergent when all the terms are taken positively 
is said to be a eemi-convergent series. 

The most important joharact eristic property of a semi- 
convergent series is that a derangement of the order of the 
terms affects the sum of the series, whereas in an absolutely 
convergent series it is not so. 

Let us consider the series 

*“"• - ® 

Her., 

Lt Sn^h 

n-»oo 


the above series is convergent. 
Further, since, the series 






to » 


is also convergenj;, as proved above, 


the series ( 3 ) is absolutely convergent^ and it can be 
shown that any derangement of the order of the terms 
leaves the series convergent, and its sum unaffected. 


Now, let us consider the series 

+ + to ••• (4) 

Since, log* (l + a?) = Jo:* + ia;* + v for ir < 1 . 

putting a? = 1 , we get 

log* 2 -* 1 -*“ I + i- i + 

• • 

\ 


to 0®. 
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Thus, the series (4) is convergent. 

Now, let us examine the series 

1 + i + i + i + to * (6) 

That this series is divergent can be shown as follows : 

Here, W3+W4 > 2.i or i 

Ug + Uq ■^Uj + Us > 4. J or i 
4- S.iV or i etc. 

/. S«>l + J + i + J + tom + 1 terms say, where 

m depends upon n and increases with n. 

Sn > l + 4^w. 

Lt Sn-^. 

n-^oo 

the series (5) is divergent. 

Here no derangement of the order of the terms in the 
series (4) is allowed, for it can be shown that the sum will 
be altered thereby. 

This is illustrated in the following example. 

We have, 

log<, 2-1- J to *» 

-l+i- 2.i + J + i- 2.i+i + - ' 

-(l + i + i + i + -)“(l + i + J + i + -) 

= 0, which is absurd. ^ 

It is not always very convenient to find Sn (i-e., the sum 
up to n terms) of an infinite series and then to find the limit 
of Sn in order to ascertain the convergence of a series ; so 
various methods have been devised to test the convergency 
of infinite series without obtaining Sn^ 

f ' ' 

The notation | Ur I is used to denote the cAtolutt value 
<A the term Ur (t.e., the positive value of the rth term irtes- 
pective oi the + or - sign before it). Thus, '| Un 1 is 
convergent, SUn is said to be absolntety convergent. 
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A series which is neither convergent nor divergent, is 
said to be osclUatory ; e.g.^ 1-1 + 1-1 + 1-1 + 

2. Ratio Test. 

The first simplest test used to determine the convergency 
of an infinite series is the Ratio Test. 

The test* is ; — 

If Lt < 1, the series is absolutely convergent 

»->oo I Un 

> 1, tjie series is divergent 
= 1, the test fails, and other tests must be 
adopted. 

3. Series of Complex terms. 

Consider the infinite series + + JSfn + 

of which the terms zs are all complex, and let 

Zr^Xr + iVrt where a?r and yr are real. 

The series Szn is said to be convergent if the two series 
of real terms Sxn and Syn are both convergent, and if SXn 
and 2Jt/n converge respectively to the values x and y, then 
Szn, i,e., 2{xn + iVn) converges to the value x + iy, and in that 
case, X + iy is said to be the earn of the series Szn is 

said to be absolutely convergent, if Sxn and Spn are both 
absolutely convergent. 

4. The Power series. 

If the power series SanZ^ (where a is real) is absolutely 
convergent for any particular value of the modulus of z, say 
r, then it is absolutely convergent for all values of mod. {z\ 
such that mod. {z) < r. 

If a power series is convergent for all values of z such 
that njod. (z) < r and is not convergent for any value of z 
such that mod. (z) >r, then the circle with centre at the 
origin and of radius r is called the circle et^convergence. and 
r, the ra^na of eonveigenee. 


'For ^roof aee any text-book on Higher Algebra. 
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Thus, a series is absolutely convergent for all points 
inside the circle of conyergence» and is divergent for all 
points outRide it ; but on the circumference of the circle of 
convergence, the series may converge either absolutely or 
conditionally, oscillate, or diverge. 

The radius of convergence may be finite, zero, or infinite. 

5. Infinite Product. 

Let Xi, Xfi, jTn... be a sequence of quantities formed 

according to some law, and let Pn denote the product of first 
n of these quantities, so that « 

If Pn tends to some finite limit P (different from zero) 
as n tends to ^ , then the infinite product is said to be 
convergent and P is said to be the limit or the limiting valne 
of the infinite product. In other cases, the product is said 
to be divergent 

The following theorem is of great help in determining 
the convergence of infinite products : 

‘'If the terms of Sun become ultimately infinitely small 
and have ultimately the same sign, then 

II(l+Un), i,e., (l + UiXl+uJil + Ua) 

is absolutely convergent if JE? 1 I is convergent'*. 

If it so happens that 11 (l + Un) is convergent (i.e., tends to 
a finite limit), whilst the series .2J | I is divergent, then 
the infinite product is said to be semi-eonvergent A semi- 
oonvergent product has the property similar to that of a 
semi-convergent series, viz,, that a derangement of the order 
of the factors affects tlxe value of the product. 

6. Conversency of some well-known Series and 
Produets. 

(1) Expooenttal aeries. 

(i) When x is reah 

^ ® 2t S! 


( 1 ) 
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Here, 

TA 

=Lt 

.r* 

■ +1 1 = Tjt \ 

1 - 



«n 

i» i»»-i 1 

n 


* 0, for all values of a?. 

Hence, the series (l) is ahRolutely comergeiit for all real 
values of x ; 

(ii) when x is complex, then also the series (l) is 
absolutely convergent. 

(2) Logarithmic series. 

(i) When X is real, * 

log(l + ff) = 


Here, 


Li 


Un ^ ^ . w + 1 n 


^Lt 


\x\ 


1 + 

n 

Hence, the series la absolutely convergent when |fl?|< 1, 
i.e., - 1 < a: < 1. 


When a;-l, 

the series becomes 1 - i + J , and is semi-convergent, 

(ii) When x is complex, 

the series is convergent provided mod. {x) < 1 and also in 
the case of mod. (a:) = 1 except when amp. (a?) * (2n + 1) n. 

(8) sine and cosine series. 

(i) When x is real, 

x^ .T* 

sinas-aj-^gj + g-j- •••• 


COS « = 1 - 


8?* . 
214! 
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For the sine series, 


Lt 



V T* 


Ufi 

" Lit 

! !2»»+1 i2»-i 


^Lt 


2n(2n + 1) 


0, for all values of x. 


Hence, the series for sin x is absolutely convergent for all 
values of x. 

Similarly, it can be shown that the series for cos x is 
absolutely convergent for all values of x, 

(ii) When x is complex^ 

then also the series for sin x and cos x are absolutely con- 
vergent. 

Note. Tho method of proof employed in establishing the expan- 
sions of sin a and oos a as given in Arts. 58 and 54 tacitly assumes 
that for all valms of r, the limiting value of tho expression 

o(o— 0)(a — 20)»«-(a — r— W) . 

r\ r I 

when $ is indofluitely diminished. 

Now, the question arises, can we safely assume the above result 
without further proof, when r becomes indefinitely large ? (For when 
n becomes indefinitely large, the number of terms and hence the 
number of factors in the numerator of the above expression and conse- 
quently r becomes indefinitely large). For a complete rigorous proof 
of the limiting value of the above expression, Art. 99 of Hobson's Plane 
Trigonometry can be consulted. Also see Appendix, Art. 7. 


(4) sliih and cosh aeries. 

sinh a;«a; + 


?L jL . 


cosh + — +■ 
ooan® -^^2! 41 6! 



APPENDIX 


267 


(i) When x is real, 
for the sinh series, 


Lt 

Wfi 


'Lt 


\ X 


an+i 


, fln-i 




“ 2n( Jr+ 1) " *• 

Hence, the series for sinh x is absolutely convergent for 
all values of x. 


Similarly, it can be shown that the series for cosh x is 
absolutely convergent for all values of x. 

(ii) When x is complex, 

then also the series for sinh x and cosh x are absolutely 
convergent. 


(5) Gregory’s series. 

0 = tan tan®6 tan'^d- ( 0 being real ) 

2»-l 

■■ Lt ^ — , - tan*d 
2n + l 

== tan®0. 

Hence, the series is convergent for all values of B for 
which tan*d < 1, i.e., - 1 < tan 6 < + 1 , 

«.«„ n«-"<6<n«+7- 

4 4 

« 

The series is also convergent 'when tan’O is equal to 1, 
whim tan ±1, t.s„ whenO=n}i± j- 
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(0) till 9 and eot $ aa infinite predneU. 

We have, sin 7j|i- ••• (1) 

and 

The infinite product (1) is absolutely convergent, since 
the series 


i Qi. . j 

- "iT a or -jj’ -S -5 is convergent. 

T 71 \ 71 T % 

The infinite product (2) is also absolutely convergent, 
since the series 


1 




^ 

(2r- 1)^:1^ 


40 * « 


2 is convergent. 


Each quadratic factor in the products (1) and (2) may be 
resolved into linear factors in 0 ; thus, 


cos 0 




(3) 

(d) 


The products in the forms (3) and (4) are semi-convergent 
because the series S - and S divergent. 

T AT “* 1 

(7) ainh z and cosh x aa Inlinite prodneti. 

Since, sinh a? == a? JJ + ’^2) 


and oosh « - II [l + • 

it' .|(dlows froin the previous paragraph that the infinite 
»v^uot« for ainh e and ^h x are absolutely convergent. 



APPENDIX 


269 


7. An alternaUve proof for the expansion of cos 0 
and sin 0 . 


By vsrxiting O/m and m in place of 0 and n in (l) of 
Arif. 51, we get after a little re-arrangement 


008 0 * cos’" 


- {l- 
m {. 


(1 - l/m) 

2 ! 


'(tanA/«r 

\ m f ml 


4 1 \ m I m I j 

•cos’" £ |l -Wa + J say. "• (2) 

Hence, so long as r is finite, 


we have Lt *" /o j. u.o\' 

w^oo ttar (2r + lX2r+2) 


(3) 


If, therefore, we take 2r + 1 > 6, [ strictly speaking if 
6 < ^/{(2r + l)(2r + 2)}], then by taking m (which is a positive 
integer here) large enough, we can always secure that 
on and after the term U 2 r, the numerical value of the 
convergency-ratio of the series (l) shall be less than 1. 

Hence, it follows that if 2r + 1 > 0, and m be only taken 
large enough, the value of cos 9 will lie between 


cos*^ — U “ Wa + + ( •" \Yu2r\ * " (^) 

m 

and cos’"— u ~«a +«* +(-l)'’«jr + (” « 2 rH-,K 

m 

... ( 6 ) 

Therefore, ooa 0 will always lie between the limits of (4) 
and (6) as 

Now, Lt cos^Wf^- 1 [ See Art. 127 ] ; if - fl*/2 1 ; 
Li tu -»*/4 ! Lt I 

L<»,r+.-9*’^*/(2r + 2)l 
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, Thus, cos 0 lies between 


0» . 0‘ 

2 1 4 !“‘" 



flSr 

2141 


gSH-S 

(2r + 2)l' 


( 6 ) 

( 7 ) 


In other words, provided 2 r + 1 > 0, 


n 1 0*.6* 

oos0 = l -^+4,- 

whereii< 0*’‘+V(2r + 2)! . 

^2r+2 

Since, Lt 77:- — , -77 «■ 0 , we get ultimately 

r-»oo \jaT T Jj ! 




a2 a 4 

cos0 = l-2-i+^-j- 


to 00. 


Similarly, the expansion of sin 0 can be obtained. 

Note. That 00 s $ lies between the series (6) and (7) can also easily 
be shown by oonsidering the signs of the successive derived functions 
[ See simi no. 20 (a), Ex. IV (c), Authors* Differential Calculus. ] 



CALCUTTA UNIVERSITY 
MATHEMATICS— Honours 


1. (t) Let 2 =x+iy, whore x andt^ are real numbers and i*= f/— 1. 

(i) If the ratio {5-i)/(3-l) is purely imaginary, show that the 
point z in the Argand diagram lies on the circle whose centre is the 

point i(l + i) and whoso radius is 


(ii) Find the roots of s" = U+l)", and show that the points 
which represent them in the Argand diagram are coUinear. 


(6) Show that tan (a + t/3) 


2 si^2tt + ^ 

2 cos 2a -f- + c 


1. Explain Do ^loivrc’s tlicorcm. 

/ \ j.1. /1+siti ^ + ico8 0\" 

(a) Prove that I s — . - I 

' ' M + SJU COB dj 


= cos (J wr — nd) + i si n (inir — nO) 

(b) If ® + ij|/ = c cos (M+ir)i prove that constant represents 
a family of confocal hyperbolas and const, represents a family of 
confooal ellipses. 


1. Define the function Exp. z when s is a complex variable and 
deduce the addition theorem. 

Exp. Sj + Exp. Sa^Exp. (Si+Sa). 

Find the sum of the series 

(i) cos d-i-i cos 2d+i cos 3d+*'* 

(ii) sin d+J sin 2d+ J sin 3d+'** 
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1. (a) Prove tliat the modulus of the product of two complex 
numbers is equal to the product of their moduli. 

{b) Let Si , 02 * ^ three complex numbers, such that 

Isil « Isal = |Sa| = 1 and Si+Sa + S***0 
Show that these numbers are vertices of an equilateral triangle 
inscribed in the unit circle with centre at the origin. 

(c) If ®+ip«tan (u+iv) whore i= J ^ and «, y, u, v are all 
real, show that the curves const, represent a family of coaxal circles 
passing through the points (0, ±1) and the curves const, represent 
a system of circles cutting the first system orthogonally. 


(Revised Regulation) 

1. (a) When n is an odd positive integer, prove that 

®"+l = (jc+l) II jaj®-2a5cos ^‘ + l[ 

r*0 I J 

(6) Solve the equation 

(!+«)"» (l-s)®. 










